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Abstract
As a candidate of quantum gravity in ultrahigh energy, the (3 + 1)-dimensional Horˇava-Lifshitz (HL)
gravity with critical exponent z 6= 1, indicates anisotropy between time and space at short distance. In
the paper, we investigate the most general z = d Horˇava-Lifshitz gravity in arbitrary spatial dimension
d, with a generic dynamical Ricci flow parameter λ and a detailed balance violation parameter ǫ. In
arbitrary dimensional generalized HLd+1 gravity with z ≥ d at long distance, we study the topological
neutral black hole solutions with general λ in z = d HLd+1, as well as the topological charged black
holes with λ = 1 in z = d HLd+1. The HL gravity in the Lagrangian formulation is adopted, while in
the Hamiltonian formulation, it reduces to Dirac−De Witt’s canonical gravity with λ = 1. In particular,
the topological charged black holes in z = 5 HL6, z = 4 HL5, z = 3, 4 HL4 and z = 2 HL3 with λ = 1
are solved. Their asymptotical behaviors near the infinite boundary and near the horizon are explored
respectively. We also study the behavior of the topological black holes in the (d + 1)-dimensional HL
gravity with U(1) gauge field in the zero temperature limit and finite temperature limit, respectively.
Thermodynamics of the topological charged black holes with λ = 1, including temperature, entropy, heat
capacity, and free energy are evaluated.
PACS numbers: 04.60.-m, 04.70.Dy, 11.10.Ef, 04.50.Gh
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I. INTRODUCTION
The main problem of traditional quantum gravity is
that the gravitational coupling constant is dimensionful,
with a negative dimension in mass units [GN ] = −2.
As a result, at the quantum loop level, the theory is by
definition not a renormalizable theory [1]. In Refs. [2–
7], Horˇava proposed a quantum field theory of grav-
ity with dynamical critical exponent z (z 6= 1 signi-
fies that the scalings of time and space are anisotropy
at short distance, and thus the relativistic invariance is
broken at ultrahigh energy scale), which measures the
anisotropy between space and time, although the homo-
geneous of pure spatial space are still assumed. The
theory describes an interacting nonrelativistic renormal-
izable gravity at short distance. Assuming that the the-
ory is in the (d+1)-dimensional space-time(where d de-
notes the dimension of space), then the ultraviolet (UV)
theory with z = d is power-counting renormalizable at
the UV energy scale. The theory flows naturally to the
relativistic one with critical exponent z = 1 at long wave
limit, with Lorentz invariance presenting as an acciden-
tal symmetry restored at large distance. Meanwhile the
theory becomes the classical Einstein’s general relativ-
ity(GR) in the infrared(IR) limit. In the literatures, this
theory is called Horˇava-Lifshitz gravity as a candidate of
quantum gravity. Although there still exit some prob-
lems, the higher derivative terms can improve the renor-
malizability of the theory, without the usual attendant
problem of ghosts.
In this paper, we begin with the topological black holes
in (d + 1)-dimensional Horˇava-Lifshitz gravity with the
critical exponent z = d in ultrahigh energy, which in-
dicates anisotropy between time and space at short dis-
tance, while the pure spatial space is still assumed ho-
mogeneous with different topological structure, depicted
with topological index, e.g., k = 0,±1, corresponding
to Ricci flat, sphere and hyperbolic spatial hyersurface,
respectively. The gravity is generalized to include an
arbitrary given critical exponent z = d, a generic Ricci
flow parameter λ, as well as a detailed balance viola-
tion parameter ǫ. The motivation of the generalization
to arbitrary dimensions originates from the fact that the
dimensions of the space-time are essential to critical ex-
ponent, which describes the critical phenomena behav-
ior of physical quantities(or Landau’s order parameters)
near continuous phase transitions [9]. For example, the
critical exponents of the ferromagnetic transition in Ising
model, namely, α, β, γ, δ, ν, etc., depend on the dimen-
sions of the space-time. This can be understood through
the renormalization group paradigm [8, 12], e.g., in per-
turbative approach, by using the dimensional regular-
ization [10, 11] in momentum space-time, to calculate
Feynman loop diagrams, which indicate that the quan-
tum loop effects in arbitrary dimensions, e.g., d = 2 and
d = 3 have significantly distinguishable physical conse-
quence. To be brief, we investigate a generalized HLd+1
gravity with Lifshitz points z ≥ d at both short distance
and long distance, where the high curvature terms are
relevant and irrelevant respectively. In the pure spatial
sphere symmetric case with Ricci scalar index k = 1, the
topological neutral black holes just reduce to be anti-de
Sitter (AdS) or de Sitter (dS) Schwarzschild black hole,
with negative (with λ > 1/d) or positive (with λ < 1/d)
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effective cosmological constant Λ, respectively. The cor-
responding topological charged black holes are solved in
the relativistic limit with Lifshitz point z = 1. In the
complete violation of the detailed balance condition with
ǫ = 1, the topological charged black holes just reduce
to be Reissner-Nordstro¨m (RN) AdS topological black
holes due to the classical Einstein-Maxwell dynamics at
large distance. The HL gravity in the Lagrangian for-
mulation is adopted, while the dynamic Ricci flow equa-
tion for the Riemannian manifold with λ = 1 is empha-
sized, which reduces to the Dirac−De Witt’s canonical
gravity [14, 15] in Hamiltonian formulation. In particu-
lar, by using the Hamiltonian approach, we have solved
the topological charged black holes in HL gravity with
λ = 1 in a U(1) gauge field. The topological charged
black holes in HLd+1 with z = d, including z = 5, 4, 3, 2
cases are solved. For the intuitive purpose, the topo-
logical charged black holes in HL4 with z = 4 and in
HL3 with z = 2 cases are explored in more detail. Their
asymptotic behavior in the infinite boundary and near
horizon behavior are explored respectively, both of which
deduce scale invariances on the black branes. Moreover,
we study the behaviors of the topological black holes in
the HL4 gravity with U(1) gauge field in zero temper-
ature and finite temperature limit, respectively at and
near extremal black holes horizon. Thermodynamics of
topological charged black holes with λ = 1, including
temperature, entropy, heat capacity, and free energy are
discussed as well.
This paper is organized as follows. In Sec. II, we
briefly introduce the essential elements of HL gravity.
In Sec. III, first we investigate the most general HL
gravity at z = d UV fixed point and solve the topo-
logical black holes in HLd+1 gravity. Second, we study
the z = 5 HL gravity and solve the topological black
holes in HLd+1 gravity. Then we investigate the HLd+1
gravity with both critical exponent z = 3 and z = 4
at a UV fixed point, with the detailed balance violation
parameter ǫ, but with Ricci flow parameter λ = 1. In
particular, the solutions in HL3 gravity with critical ex-
ponent z = 2 at the UV fixed point with λ = 1 are
obtained, too. This metric essentially has significantly
different physics from the HL4 gravity case. While in
this paper, we mainly focus on HL4 gravity with criti-
cal exponent z = 3 and z = 4 at the UV fixed point.
In Sec. IV, we explore both infinite boundary and near
horizon behaviors of the topological charged black holes
in HL gravity. In the infinite boundary limit, we can
recover the pure AdSd+1 metric, with constant negative
Ricci scalar curvature and isomorphic group1 SO(2, d),
which is the same as the d-dimensional conformal sym-
metry group of d-dimensional Minkowski space R1,d−1,
while in the near extremal horizon limit, we obtain AdS2
metric along (r, t) plane with IR conformal symmetry,
1 In the paper, we adapt the {−,+,+, . . .} signature.
which is perpendicular to the pure spatial hypersurface
of topological charged black holes with topological index
k = 0,±1. By using Hawking temperature at or near
extremal black holes horizon, one would expect to have
corresponding scale invariance embedding in IR (r, t)
boundary at both zero and finite temperature, respec-
tively. Some basic physical thermodynamic quantities
of the topological charged black holes in HL4 are calcu-
lated and summarized in Section V. The conclusion is
given in Sec VI. In Appendix A, we briefly review the
field theory strucuture of Horˇava-Lifshitz gravity, includ-
ing both Lagrangian and Hamiltonian formulation. The
characteristic physical consequence of the HL gravity in
various dimensional space-time, in particular HL3 with
z = 2, HL4 with z = 3, 4, HL5 with z = 4 and HL6 with
z = 5 are briefly summarized in Appendix B. The nota-
tion of the differential form for the most general Love-
lock gravity in d-dimensional spatial time is introduced
in Appendix C. The useful results on general coordinate
invariant curvature terms in the whole space-time are
put in Appendix D.
In this paper, we use the small letter i, j,= 1, 2, ..., d
to denote the index of pure spatial coordinate xi, the
greek symbols µ, ν,= 0, 1, ..., d, to denote the index of
the ordinary space-time coordinate xµ ∼ (τ, xi).
II. HORˇAVA-LIFSHITZ GRAVITY
A. Symmetry of space-time
In the HL gravity, time is a special dimension in space-
time, and a codimension-q(q = 1) foliation preserving
diffeomorphisms is imposed on the space-time manifold
M. The levels of the foliation are the hypersurfaces of
constant time, and all leaves of foliation are topologi-
cally equivalent to a d-dimensional manifold with fixed
time with intrinsic metric gij and extrinsic curvatureKij
induced along the leaves. The functions that take con-
stant values on each leaf are called projectable functions.
Intuitively, the foliation diffeomorphism can be viewed
as a gauge invariance; thus, Ni can be interpreted as
gauge fields associated with the space-time-dependent
spatial diffeomorphism and N as the time-dependent
time reparametrizations. The generators of their in-
finitesimal transformations are respectively in nonrela-
tivistic limit,
δxi = ζi(t, xj) + o(1/c2), δt = c f(t) + o(1/c), (II.1)
under which, one says that HL gravity manifests
d-dimensional spatial general covariance and time-
reparametrization invariance. The dynamical field con-
sists of d-dimensional spatial metric gij(a tensor), shift
variable N i(a vector) and lapse function N(a scalar),
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which transforms, respectively, as
δgij = ∂iζ
kgjk + ∂jζ
kgik + ζ
k∂kgij + cf g˙ij,
δNi = ∂iζ
jNj + ζ
j∂jNi + ζ˙
jgij + f˙Ni + fN˙i, (II.2)
δN = ζj∂jN + f˙N + fN˙,
where they are all functions of t and xi. The lapse func-
tion N is viewed as a gauge field for time reparametriza-
tions, and is effectively restricted to depend only on time
t, but not the spatial coordinates xi [4].
B. Scaling dimension of space-time
The anisotropic scaling properties of the space and
time are respectively depicted by the dynamical critical
exponent(or Lifshitz index) z at the fixed point,
xi → ℓ xi, t→ ℓz t. (II.3)
Thus the theory does not have the full diffeomorphism
invariance of GR but only a subset, or local Galilean in-
variance, while when z = 1, it is the standard relativistic
scale invariance. The space and time are dimensionful
in the units of mass(spatial momentum or inverse spatial
length),
[xi] = −1, [t] = −z. (II.4)
As a result, the scaling dimension of the speed of light
at the fixed point is
[c] = z − 1. (II.5)
At z = 1, the speed of light is dimensionless and the the-
ory just reduces to the usual general relativity in IR limit
at long distance. While in the UV limit, the HL gravity
switches to other z 6= 1 to make the theory renormaliz-
able. The dynamical field of HL gravity theory consists
of spatial metric gij , a spacial vector Ni, and a spa-
tial scalar N , which are respectively the spatial sector
of metric, the shift variable and the lapse function in
(d+1) split of the (d+1)-dimensional relativistic space-
time metric. For a generic metric, it can be decomposed
in the (d+1)-dimensional Arnowitt-Deser-Misner(ADM)
formalism,
ds2 = −N2dt2 + gij(dxi +N idt)(dxj +N jdt), (II.6)
Generally speaking, one can start from the covariant
metric gµν associated with the time t. The light speed c
is restored so that the time coordinate x0 = ct, and then
one can expand the metric in the nonrelativistic limit
c→∞
The metric and its inverse can be written explicitly as
below
gˆµν =
( −N2 +NiN i/c2 Ni/c
Ni/c gij
)
, (II.7)
gˆµν =
( −1/N2 Ni/N2
Ni/N
2 gij −N iN j/N2
)
. (II.8)
The definition of extrinsic curvature(second funda-
mental form) of the leaves at constant time moment in
spatial sector is
Kij =
1
2N
(g˙ij −∇iNj −∇jNi), (II.9)
where the covariant derivatives are defined with respect
to the spatial metric gij . Then according to the scaling
of space-time defined in Eq.(II.4), one can obtain the
classical scaling dimensions of the dynamical fields as
below
[gij ] = 0, [Ni] = z − 1, [N ] = 0, (II.10)
since the scaling dimension of extrinsic curvature in-
versely proportional to that to time coordinate, [Kij ] =
[g˙ij ] = [∂tgij ] = z = [∇iNj] = 1 + [Nj ].
III. TOPOLOGICAL BLACK HOLES IN
GENERALIZED HORˇAVA-LIFSHITZ GRAVITY
A. Topological black holes in generalized HLd+1
gravity
The easiest way to obtain the black hole solutions of
the HLd+1 gravity is through making a metric ansatz,
and then substituting the metric ansatz into the action
to solve the metric.
Let us consider a general topological black hole so-
lution with arbitrary constant scalar curvature hori-
zon [20]. The metric ansatz is
ds2 = −N˜2(r)f(r)c2dt2 + dr
2
f(r)
+ r2dΩ2d−1,k, (III.1)
where dΩ2d−1 denote the line element of a d − 1-
dimensional manifold with constant scalar curvature
(d − 1)k and area Ω2d−1,k, where k = 0,±1 indicate dif-
ferent topology of the spatial hypersurface,
dΩ2d−1,k = γmndx
mdxn, (III.2)
where γmn is the metric of the hypersurface. For exam-
ple, when d = 3, for k = ±1 case we have made an static,
spherically/hyperbolic symmetric metric ansatz that
k = 1 : dΩ22,1 = dθ
2 + sin2 θ dφ2, (III.3)
k = −1 : dΩ22,−1 = dθ2 + sinh2 θ dφ2, (III.4)
for k = 0 case, we have a static plane with translational
symmetric black brane ansatz
k = 0 : dΩ22,0 = dθ
2 + θ2 dφ2 ≡ dx2 + dy2, (III.5)
where we have transformed the metric in polar coordi-
nates into one in Cartesian coordinates, by introducing
(x, y) ≡ θ(cosφ, sinφ). (III.6)
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B. z = d HLd+1 gravity
For a general theory of gravity in dimensions d ≥ 5,
by imposing the requirement of (1)general coordinate in-
variance, (2)the field equation for the metric to be second
order, and the Lagrangian to be a most general local d-
form up to a closed differential form(dL = 0) with fully
spatial rotational SO(d− 1) invariant symmetry in tan-
gent space, we consider a spatial potential action given
by a sum of dimensionally continued topological invari-
ant characteristic classes of lower dimensions, i.e., ex-
tended Euler densities [19]. In the differential form, it
can be expressed as
Wd =
∫
M
[d/2]∑
p=0
αpǫa1...adR
a1a2 ∧ . . . ∧Ra2p−1a2p
∧ea2p+1 ∧ . . . ∧ ead . (III.7)
By observing Eqs.(C.1), (C.5), (C.6), and (C.7)in Ap-
pendix C, the above differential form of potential action
is equivalent to Lovelock gravity [16]
Wd =
∫
ddx
√
g
[d/2]∑
p
(d− 2p)!αpW(p), (III.8)
where αp is an arbitrary constant, namely, Lovelock co-
efficients with scaling dimension [αp] = d− 2p, Rp is the
Euler density of a 2p-dimensional manifold,
W(p) = Rp ≡
1
2p
δ
i1...i2p
j1...j2p
p∏
k=1
R
j2k−1j2k
i2k−1i2k
, (III.9)
where [W(p)] = [Rp] = 2p, RIJKL is the Rieman tensor,
and the generalized Kronecker δ symbol is defined as the
totally antisymmetric product of Kronecker deltas,
δ
i1...i2p
j1,...j2p
=
∣∣∣∣∣∣∣∣
δi1j1 · · · δi1j2p
...
. . .
...
δ
i2p
j1
· · · δi2pj2p
∣∣∣∣∣∣∣∣
(III.10)
= (2p)! δ
i1...i2p
[j1...j2p]
= (2p)! δ
[i1...i2p]
j1,...j2p
= εi1...i2pεj1,...j2p ,
In the second to last equality, the antisymmetrization
has been adopted. While in the last quality, the Levi-
Civita symbols are related to Kronecker symbols through
εj1...j2p = δ
1...2p
j1...j2p
and εi1...i2p = δ
i1...i2p
1...2p . Therefore,
Rp= 1
2p
εi1i2...i2p−1i2pεj1j2...j2p−1j2pR
j1j2
i1i2
. . . R
j2p−1j2p
i2p−1i2p
.
Each term Rp corresponds to the dimensional extension
of the Euler density in 2p dimensions, and p < (d+1)/2
for a given d dimension. The up limit n = d/2 for even
spatial dimensions and n = (d − 1)/2 for odd spatial
dimensions, or n ≡ [d/2], e.g., n = 0 for d = 0, 1; n = 1
for d = 2, 3; n = 2 for d = 4, 5; n = 3 for d = 6, 7; etc.
For p = 0,W(0) = R0 = 1 and α0 is just the cosmological
constant
E
(0)
ij = −
1
2
gikδ
k
j = −
1
2
gij , (III.11)
with trace
E(0) = −d
2
. (III.12)
For p = 1, W(1) = R is
R = 1
2
δi1i2j1j2R
j1j2
i1i2
=
1
2
(δi1j1δ
i2
j2
− δi1j2δi2j1)R
j1j2
i1i2
= R,
which just gives the usual Einstein Hilbert term,
E
(1)
ij = −
1
22
gikδ
ki1i2
jj1j2
Rj1j2i1i2 = Rij −
1
2
gijR. (III.13)
with trace
E(1) =
(
1− d
2
)
R. (III.14)
For p = 2, W(2) = R2 is
R2 = 1
4
δi1i2i3i4j1j2j3j3R
j1j2
i1i2
Rj3j4i3i4 = LGB. (III.15)
In this case, R2 is precisely the quadratic Gauss-Bonnet
term, which is the dimensionally extended version of the
four-dimensional Euler density. The corresponding ten-
sor Eij according to the detailed balance condition de-
fined in Eq.(A.12) becomes
E
(2)
ij = −
1
23
gikδ
ki1i2i3
jj1j2j3
Rj1j2i1i2R
j3j4
i3i4
= 2(Rklmi Rjklm − 2RikjlRkl − 2RikRkj +RRij)
−1
2
gij(R
2 − 4RklRkl +RklmnRklmn), (III.16)
with trace
E(2) =
(
2− d
2
)
LGB, (III.17)
which are consistent with Eqs.(III.71) and (III.72).
For example, HL6 gravity with z = 5 UV fixed
point(d = 5,p = 2), can be generated through the po-
tential action W5
W5 =
∫
d5x
√
g(5!α0 + 3!α1R+ α2RGB),
with the scaling mass dimension [α0] = d = 5, [α1] =
d − 2 = 3, [α2] = d − 4 = 1. In order to match with
Eqs.(B.45) and (III.66), one can choose parameters as
below
α0 = − 2ΛW
5!κ2W
, α1 =
1
3!κ2W
, α2 = γ. (III.18)
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Moreover, HL7 gravity with z = 6 UV fixed point can
be generated through a spatial potential W6,
W6 =
∫
d6x
√
g(6!α0 + 4!α1R+ 2!α2LGB),
with the scaling mass dimension [α0] = d = 6, [α1] =
d− 2 = 4 and [α2] = d− 4 = 2.
For HL8 gravity with z = 7 UV fixed point can be
generated through a spatial potential W7,
W7 =
∫
d7x
√
g(7!α0 + 5!α1R+ 3!α2LGB + α3W(3)),
with the scaling mass dimension [α0] = d = 7, [α1] =
d− 2 = 5, [α2] = d− 4 = 3 and [α3] = d− 6 = 1.
The additional term W(3) = R3 is
R3 = 1
23
δi1...i6j1...j6R
j1j2
i1i2
Rj3j4i3i4R
j5j6
i5i6
. (III.19)
where W(3) consists of cubic term of Ricci scalar, i.e.,
W(3) is at an order of O(R3) as expected. This is obvious
by re-expressing W(3) more explicitly as below:
W(3) = R
3 − 12RRijRij + 16RijRjkRki + 3RRijklRijkl
+24RijklRikRjl + 24R
ijklRijkmR
m
l
+2RijklRijmnR
mn
kl + 8R
ij
knR
kl
imR
mn
jl. (III.20)
The corresponding Eij becomes
E
(3)
ij = −
1
24
gikδ
ki1i2i3i4i5i6
jj1j2j3j4j5j6
Rj1j2i1i2R
j3j4
i3i4
Rj5j6i5i6 .(III.21)
In a similar procedure, HLd+1 gravity with z = d UV
fixed point can be generated through the spatial poten-
tialW(d) defined in Eq.(III.8) and the corresponding Eij
turns out to be
E
(p)
ij = −
1
2p+1
gilδ
li1...i2p
jj1...j2p
p∏
k=1
R
j2k−1j2k
i2k−1i2k
. (III.22)
Consequently, the potential density in Eq.(A.10) be-
comes
V [g] = κ
2
8
[d/2]∑
p,q=0
(d− 2p)!αp(d− 2q)!αq
×(E(p)ijE(q)ij − λ˜E(p)E(q)), (III.23)
where [αp] = d − 2p, [αq] = d − 2q, [κ2] = z − d, and
λ˜ is defined in Eq.(A.11). The Ricci flow equation in
Eq.(A.20) becomes
g˙ij=2∇(iNj) −
Nκ2
2
∑
p
(d− 2p)!αp(E(p)ij − λ˜gijE(p))
− N κ
2
2κ2W
(
Rij − 2λ− 1
2(dλ− 1)Rgij −
1
dλ− 1ΛW gij
)
.
In this case, the scaling dimension of [V [g]] = z + d ≤
2d; therefore, the action can be modified by relevant
operators with dimension less or equal than 2d. For dif-
ferent relevant operators with scaling dimensions
[E(p)] = 2p, [E(q)] = 2q, [E(p)E(q)] = 2(p+ q),(III.24)
the terms with the highest curvature due to Wd will im-
prove the UV behavior of the HLd+1 gravity at short
distance, since the operators with highest scaling dimen-
sions in the potential dominate in the UV limit, i.e.,
terms inherited from Wd; the theory exhibits z = d Lif-
shitz fixed points. While in the IR limit, the operators
with lower dimensions in the potential density, i.e., Ricci
scalar R and those with cosmological constant ΛW will
still dominate at long distance.
Combining Eqs.(A.15) and (III.22) together, the total
action can be written as
S=
∫
dt
∫
ddx
√
gN
[
2
κ2
(KijK
ij − λK2)
− κ
2
8κ4W
(
RijRij− 1−d/4−λ
1−dλ R
2− (d−2)ΛWR−dΛ
2
W
1−dλ
)
− κ
2
4κ2W
[d/2]∑
p=2
αp(d− 2p)!
(
E(p)ij
(
Rij − 1
2
Rgij + ΛW gij
)
−λ˜E(p)
(2− d
2
R+ dΛW
))
− κ
2
8
[d/2]∑
p,q=2
αp(d− 2p)!
×αq(d− 2q)!(E(p)ijE(q)ij − λ˜E(p)E(q))
]
. (III.25)
The scaling dimension of the parameters for the theory
becomes
[κ] =
z − d
2
, [λ] = 0, [κW ] = −d− 2
2
, [E(p)] = 2p,
[dtddx] = −z − d, [L] = z + d, [αp] = d− 2p,
from which one obtains the scaling dimension of the cou-
plings of kinetic terms and potential terms with renor-
malizability,
[κ−2] = d− z ≤ 0, [κ2αpαq] = z + d− 2(p+ q) ≤ 0.
Or, equivalently the renormalizable conditions for kinetic
term and potential term are respectively,
z ≥ d, 2(p+ q) ≥ z + d. (III.26)
The two inequalities together imply the renormalizabil-
ity condition for the full Lagrangian,
2(p+ q) = [E(p)E(q)] ≥ [L] = z + d ≥ 2d. (III.27)
By observing the scaling dimensions of the relevant op-
erators, the power-counting renormalizability of d + 1-
dimensional HL gravity theory necessarily requires the
addition of higher order spatial curvature terms with at
least 2d-th order derivative.
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In the UV limit, the operators with higher scaling di-
mensions in the potential density dominate at short dis-
tance, i.e., terms inherited fromW(p) with p = [d/2]; the
theory exhibits the z = d Lifshitz fixed point. While
in the IR limit, the operators with lower dimensions in
the potential density will dominate at long distance, i.e.
the terms proportional to Ricci scalar and those with
cosmological constant.
To match with the leading order terms in the IR limit
as shown in Eq.(III.114), we have used the notation de-
fined as shown in Eq.(III.18), and thus Eqs.(III.11) and
(III.13), which gives
E
(1)
ij − 2ΛWE(0)ij = Rij −
1
2
Rgij + ΛW gij ,
E(1) − 2ΛWE(0) = 2− d
2
R+ dΛW . (III.28)
For the generic potential in Eq.(III.8) with arbitrary
parameters, the metric solution to the black hole of the
action in Eq.(III.25) is determined by solving for the real
roots of a polynomial equation. For arbitrary αps, on one
hand, it is not easy to extract physics from the solution,
e.g., there are negative energy solutions with horizons
and positive energy solutions with naked singularities,
resulting in physics difficulties. Therefore, we will con-
sider a particular choice of the Lovelock coefficients αp
in Eq.(III.9), requiring that the theory posses a unique
cosmological constant [19, 21],
αp = α0(2δ)
p


d
d− 2p
(
n− 1
p
)
, d = 2n− 1(
n
p
)
, d = 2n
(III.29)
where α0 is the zeroth order Lovelock coefficient and δ
is a constant to be determined. In order to match with
the lowest order, e.g., Eqs.(B.45) and (III.66), one can
choose parameters as below
α0 = − 2ΛW
d!κ2W
, α1 =
1
(d− 2)!κ2W
. (III.30)
In the following, let us consider the most general ac-
tion of the generalized HLd+1 gravity,
S=
∫
dt
∫
ddx
√
gN
(
2
κ2
(KijK
ij−λK2)−V [g]
)
,(III.31)
where V [g] is given in Eq.(III.23).
By direct substituting the metric in Eq.(III.1) back
into the action in Eq.(III.31), one obtains
S=
∫
dt
∫
drN˜Ωd−1,kr
d−1L, (III.32)
L=−κ
2
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[d/2]∑
p,q=0
(d−2p)!αp(d−2q)!αq(E(p)ijE(q)ij −λ˜E(p)E(q)),
where
√
gN =
√
grr(r2)d−1γ
√
gttN˜ = N˜
√
γrd−1, and∫
ddx =
∫
dxd−1dr,
∫ √
γdxd−1 = Ωd−1,k. In addition,
according to Eq.(III.22), we have
E(p) = − 1
2p+1
δji δ
ii1...i2p
jj1...j2p
p∏
k=1
R
j2k−1j2k
i2k−1i2k
= −1
2
s!
(s− 2p)!r
−s
[
rs+1
(
g(r)
r2
)p]′
, (III.33)
where s ≡ δmn δnm = d − 1, t ≡ δijδji = d are defined
as the range of the indices for spatial space {xm} and
{r, xm} respectively. Note that E(p) ≡ − (t−2p)2 R(p). In
the above derivation, we have used the identities between
the antisymmetric Kronecker deltas symbols,
δ
i1...ip
j1...jp
δj1i1 δ
j2
i2
. . . δjmim =
(s− p+m)!
(s− p)! δ
im+1...ip
jm+1...jp
,
δ
i1...i2p
j1...j2p
δj1j2i1i2 . . . δ
j2m−1j2m
i2m−1i2m
=
2m(s− 2p+ 2m)!
(s− 2p)! δ
i2m+1...i2p
j2m+1...j2p
,
δ
ii1...i2p
jj1...j2p
δj1j2i1i2 . . . δ
j2m−1j2m
i2m−1i2m
=
2m(s−(2p+1)+2m)!
(s−(2p+1))! δ
ii2m+1...i2p
jj2m+1...j2p
.
The above results in Eq.(III.33) are correct, by us-
ing Eq.(D.6), which reproduces same results for the
trace E(p) at leading order in Eqs.(III.12), (III.14) and
(III.17), respectively. For the field equation of motion
E
i(p)
j , the nonvanishing component
2 turns out to be
E
m(p)
n and E
r(p)
r ,
Er(p)r = −
1
2p+1
δ
ri1...i2p
rj1...j2p
p∏
k=1
R
j2k−1j2k
i2k−1i2k
= −1
2
s!
(s− 2p)!
(
g(r)
r2
)p
, (III.34)
where all of index ik, jk with k = 1, . . . 2p does not in-
clude r component, otherwise it is vanishing due to the
totally antisymmetric properties of the generalized Kro-
necker deltas. And
Em(p)n = −
1
2p+1
δ
mi1...i2p
nj1...j2p
p∏
k=1
R
j2k−1j2k
i2k−1i2k
= −1
2
(s− 1)!
(s− 2p)!r
−(s−1)
[
rs
(
g(r)
r2
)p]′
δmn .(III.35)
It is straightforward to check the consistency of the re-
sults in Eqs.(III.33), (III.35), and (III.34) by observing
that
E(p) = Em(p)n δ
n
m + E
r(p)
r . (III.36)
2 All other E
m(p)
r = E
r(p)
n = 0.
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Thus, the Lagrangian density in Eq.(III.32) becomes
L=−κ
2
8
[d/2]∑
p,q=0
(d−2p)!αp(d−2q)!αq
×[(Em(p)n En(q)m + Er(p)r Er(q)r )−λ˜(Em(p)n δnm + Er(p)r )],
where we have used E(p)ijE
(q)
ij = E
m(p)
n E
n(q)
m +
E
r(p)
r E
r(q)
r . By substituting back the Lovelock coeffi-
cients as shown in Eq.(III.29), for both odd d = 2n− 1
and even d = 2n dimensions respectively, and by using
the matching parameters in Eq.(III.30), the Lagrangian
can be simplified as shown below:
L = −κ
2
8
Λ2W
κ4W
[
1
d− 1
[
r−(d−2)
[
rd−1Gn−1(r)
]′]2
+G2n−1(r) − λ˜
[
r−(d−1)
[
rdGn−1(r)
]′]2]
=
κ2
8
Λ2W
κ4W
d
dλ− 1
[
G2n−1(r) + 2
r
d
Gn−1(r)G
′
n−1(r) −
λ− 1
d(d− 1)r
2[G′n−1(r)]
2
]
. (III.37)
where Gn(r) ≡
(
1 + 2δg(r)/r2
)n
. Therefore, the action in Eq.(III.32) can be simplified as shown below:
S = −Ωd−1,kc
3
16πGN
∫
dt
∫
drN˜ (r)
dΛW
(d− 2)r
d−1
(
G2n−1(r) + 2
r
d
Gn−1(r)G
′
n−1(r) −
λ− 1
d(d− 1)r
2[G′n−1(r)]
2
)
, (III.38)
where we have used the matching condition in Eq.(III.146). By doing variation upon the action with respect to the
N˜ and g(r), respectively, we obtain the most general field equations of motion, i.e., δS/δN˜(r) = 0 and δS/δg(r) = 0,
respectively, gives
G2n−1(r) + 2
r
d
Gn−1(r)G
′
n−1(r) −
λ− 1
d(d− 1)r
2[G′n−1(r)]
2 = 0, (III.39)
rd
d
[(
−Gn−1(r) + rλ − 1
d− 1G
′
n−1(r)
)
N˜ ′(r) + (λ− 1)
(
d+ 1
d− 1G
′
n−1(r) +
r
d− 1G
′′
n−1(r)
)
N˜(r)
]
δG′n−1(r)
δg
= 0.
For the relativistic case with λ = 1, the field equations
of motion are
G2n−1(r) + 2
r
d
Gn−1(r)G
′
n−1(r) = 0, N˜
′(r) = 0,
which give solutions
Gn−1(r) = CGr
− d2 , and N˜(r) = const., (III.40)
with CG = 0 or CG 6= 0. Without losing generality,
by choosing the constant to be the norm, the solutions
become
g(r) = − r
2
2δ
(1 − CGr−
d
2(n−1) ), N˜(r) = 1. (III.41)
Therefore, according to Eq.(D.4), we obtain
f(r) = k +
1
2δ
r2 − CF r2−
d
2(n−1) , (III.42)
with CF = 0 or CF 6= 0. The first solution is nothing
but the asymptotic AdS solution; thus, the constant δ
can be matched to the AdS case as
1
2δ
≡ − 2ΛW
(d− 1)(d− 2) =
2
ℓ2
, (III.43)
where we have used Eq.(III.123), while the second solu-
tion in Eq.(III.42) with CF 6= 0 is
f(r) =


k − 2ΛW
(d− 1)(d− 2)r
2 − CF r
2n−3
2n−2 , d = 2n− 1
k − 2ΛW
(d− 1)(d− 2)r
2 − CF r
n−2
n−1 , d = 2n
(III.44)
For the field equations of motion given in Eq.(III.39),
the most general solution turns out to be
Gn−1(r) = CGr
λ±
G , λ±G ≡
d−1±
√
(d−1)(dλ−1)
λ−1 , (III.45)
N˜(r) = CN r
λ±N , λ±N ≡ −
(d−2)+dλ±2
√
(d−1)(dλ−1)
λ−1 ,
and it is worthy of notice that
λ±N + 2λ
±
G = −d, (III.46)
thus λ±N are not independent of λ
±
G respectively.
The exponent in some special limit reduces to be
lim
λ→1±
λ+N = ∓∞, lim
λ→1±
λ−N = 0,
lim
λ→1/d
λ±N = d, lim
λ→±∞
λ±N = −d. (III.47)
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For both odd d = 2n − 1 and even d = 2n dimensions
respectively,
f(r) = k − 2ΛW
(d− 1)(d− 2)r
2 − CF rλ
±
F , (III.48)
λ±F =
2λ(n− 1) + d− (2n− 1)±
√
(d− 1)(dλ− 1)
(λ − 1)(n− 1) .
where λ±F ≡ 2+λ±G/(n− 1) and according to Eq.(III.46),
one obtains
λN + 2(n− 1)λF = 4(n− 1)− d. (III.49)
The corresponding exponent has the behavior
lim
λ→1±
λ+F = ±∞, lim
λ→1±
λ−F = 2−
d
2(n− 1) ,
lim
λ→1/d
λ±F = 2−
d
n− 1 , limλ→±∞λ
±
F = +2. (III.50)
In summary, the general solution of the topological black
holes in HLd+1 gravity is given in Eq.(III.1) with
N˜2(r) = C2N r
2λ±
N ,
f(r) = k − 2ΛW
(d− 1)(d− 2)r
2 − CF rλ
±
F . (III.51)
it is worthy of notice the difference between the metric
of Lifshitz gravity in Refs. [40, 41] and the metric of
topological neutral black holes in HL gravity with k = 0
case. To be more concrete,
1. λ = 1,
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2d−1,k.
f(r) = k − 2ΛW
(d− 1)(d− 2)r
2 − CF r2−
d
2(n−1) ,(III.52)
For odd d = 2n − 1 and even d = 2n dimensions,
one has
f(r) =


k− 2ΛW
(d− 1)(d− 2)r
2−CF r
2n−3
2n−2 , d = 2n− 1
k− 2ΛW
(d− 1)(d− 2)r
2−CF r
n−2
n−1 , d = 2n
(III.53)
2. λ = 1d ,
ds2 = −r2df(r)dt2 + f(r)−1dr2 + r2dΩ2d−1,k;
f(r) = k − 2ΛW
(d− 1)(d− 2)r
2 − CF
r
d
n−1−2
(III.54)
where CN is normalized to be unit and CF is ir-
relevant in the infinite boundary. The solution has
an IR singularity at r = 0 if CF 6= 0 in the large
distance where CF is relevant. For odd d = 2n− 1
and even d = 2n dimensions, one has
f(r) =


k− 2ΛW
(d− 1)(d− 2)r
2−CF rn−1, d = 2n− 1
k− 2ΛW
(d− 1)(d− 2)r
2−CF r
n−1
2 , d = 2n
(III.55)
3. λ = ±∞,
ds2 = −r−2df(r)dt2 + f(r)−1dr2 + r2dΩ2d−1,k;
f(r) = k − 2ΛW
(d− 1)(d− 2)r
2 − CF r2, (III.56)
where CN is normalized to be unit and CF can be
absorbed into the cosmological constant.
Note for p = 0, 1 case, the summation up to p = 1;
thus, n− 1 = 1, so the solution in Eq.(III.48) recovers
λ±F =
2λ+ (d− 3)±
√
(d− 1)(dλ− 1)
λ− 1 , (III.57)
where λ±F ≡ 2 + λ±G. It just recovers the results as
shown in Eq.(III.131). This can be understood, since by
considering the lowest curvature terms W(p) defined in
Eq.(III.9) for the p = 0, 1 case, i.e., with the summation
over to p = 1, thus n − 1 = 1, the action in Eq.(III.38)
becomes
S = −Ωd−1,kc
3
16πGN
∫
dt
∫
drN˜ (r)
dΛW
(d− 2)r
d−1
[
G21(r) + 2
r
d
G1(r)G
′
1(r) −
λ− 1
d(d− 1)r
2[G′1(r)]
2
]
. (III.58)
By substituting δ defined in Eq.(III.43) back, one obtains
S =
Ωd−1,kc
3
16πGN
∫
dt
∫
drN˜ (r)rd−1
[
− dΛW
d− 2d+
(d− 1)(d− 2)
ΛW
(
ΛW g
′(r)
(d− 2)r +
λ− 1
4r2
[g′(r)]2
− (d− 3) + 2λ
2r3
g(r)g′(r) − (d− 2)(d− 3) + 2(1− 2λ)
4r4
g(r)2
)]
, (III.59)
which just recovers the result L0 + L1 as defined in Eqs.(III.116) and (III.117) separately.
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For p = 0, 1, 2 case, the summation up to p = 2(n−1 =
2), as we have shown before Eq.(III.16), with the Gauss-
Bonnet term. In this case, the solution becomes
λ±F =
4λ+ d− 5±
√
(d− 1)(dλ− 1)
2(λ− 1)
λ=1
= 2− d
4
,
where λ±F ≡ 2+λ±G/2. Therefore, in the relativistic limit
λ = 1,
f(r) = k− 2ΛW
(d− 1)(d− 2)r
2
(
1−CG
r
d
4
)
, (III.60)
for charged black holes with additional Maxwell action in
Eq.(III.143), considering the relativistic case with λ = 1.
By varying the action S with respect to φ(r), p(r) and
N˜(r) respectively, one has the equations of motion
(rd−1p)′ = 0, −rd−1(N˜p+ φ′) = 0,
− dΛW
(d− 2)r
d−1
(
G2n−1(r) + 2
r
d
Gn−1(r)G
′
n−1(r)
− λ− 1
d(d− 1)r
2[G′n−1(r)]
2
)
− 1
2
rd−1p2 = 0. (III.61)
Finally, one obtains
Gn−1(r) = r
− d2
√
CG +
q20
2ΛW rd−2
, (III.62)
where CG is an integral constant, and
f(r) = k − 2ΛW r
2
(d− 1)(d− 2) − r
2− d
2(n−1)
(
c0 +
2ΛW
[(d− 1)(d− 2)]2
q20
rd−2
) 1
2(n−1)
. (III.63)
C. z = 5 HLd+1 gravity
In (d + 1) dimensions, the coupling κ will be dimen-
sionless if z = d; thus, the z = 5 HLd+1 gravity will be a
power-counting renormalizable UV theory at z = 5 Lif-
shitz points at short distance in d ≤ 5. For z = 5 HLd+1
gravity, except for the leading order spatial potential,
W1 =
1
κ2W
∫
ddx
√
g(R− 2ΛW ), (III.64)
there will be a new term present in spatial potential since
d = 5, i.e., Gauss-Bonnet term[23, 24],
LGB = R2 − 4RijRij +RijklRijkl, (III.65)
which is nontrivial and is present since d = 5 dimensions.
It first appears in (4 + 1) dimensions but reduces to be
a topological invariant surface term describing the Euler
number of the spatial surface in (3 + 1) dimensions and
less, i.e., χE =
∫
d4x
√
gLGB. Consequently, this term
contributes nothing to the field equation of motion in
d ≤ 4; thus, naively it can be viewed as absent in d ≤ 4.
W5=
∫
ddx
√
gγLGB, (III.66)
where [γ] = 1. The action in Eq.(III.64) together with
that in Eq.(III.66) consists the spatial potential gener-
ating the z = 5 HLd+1 gravity since d = 5. For the
purpose of generalization, the homogeneous spatial W5
potential, which consists of the most general quadratic
curvature terms with three independent 3 dimensionless
couplings α, β, γ,
W5 =
∫
ddx
√
g(αRijRij + βR
2 + γLGB), (III.67)
where [α] = [β] = [γ] = d− 4. The action in Eq.(III.67)
is still renormalizable since the scaling dimension of the
four parameters α, β, γ is not dimensionless.
According to the detailed balance condition in
Eq.(A.12), one obtains Eij = (α−4γ)Eij(RijRij)+(β+
γ)Eij(R
2) + γEij(R
ijklRijkl), with
Eij(R
2) = 2[RRij + (gij∇2 −∇i∇j)R]− 1
2
gijR
2,
Eij(R
ijRij) = 2R
kl
(
Rikjl − 1
4
gijRkl
)
+∇2Gij
+(gij∇2 −∇i∇j)R,
Eij(R
ijklRijkl) = 2RilmnR
lmn
j + 4R
klRikjl − 4RikRkj
+4∇2Gij + 2(gij∇2 −∇i∇j)R− 1
2
gijR
klmnRklmn,
3 Since CijklCijkl is not independent of R
2, RijRij and LGB
according to Eq.(III.83). We do not consider the topological
Pontryagin density term R˜R, which is totally depicted by the
Weyl tensor, since
R˜R = C˜C, C˜ijkl =
1
2
ǫijmnCklmn, R˜
ijkl =
1
2
ǫijmnRklmn.
which violates the parity of the Lagrangian [27].
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where Gij ≡ Rij − gijR/2. Therefore, one obtains Jij
and its trace
Eij(W5) = (α + 2β)(gij∇2 −∇i∇j)R+ α∇2Gij
+2(α− 2γ)Rkl(Rikjl − 1
4
gijRkl)
+2(β + γ)R(Rij − 1
4
gijR)
+2γ[RilmnR
lmn
j − 2RkiRkj
+
1
2
gij(R
klRkl − 1
2
RklmnRklmn)],(III.68)
E(W5) = 2
(
1− d
4
)
(αRklRkl + βR
2 + γLGB)
+2
(
d
4
α+ (d− 1)β
)
∇2R, (III.69)
where E ≡ gijEij .
Since RijRij and R
2 will be considered in z = 4 HLd+1
gravity since d = 4 dimensions in the next section, in the
following we will mainly consider the term since d = 5 di-
mensions, i.e., γ 6= 0 is imposed and Eq.(B.49) becomes
Eq.(III.66).
1. Gauss-Bonnet term:γ 6= 0, α = β = 0
When γ 6= 0, and α = β = 0, according to Eqs.(III.68)
and (III.69), for Eq.(III.66), one obtains
Eij = γJij , [Jij ] = [Eij ]− (d− 4) = 4, (III.70)
where Eij ≡ Eij(W5) and E ≡ E(W5) as below,
Jij = 2[RilmnR
lmn
j − 2RklRikjl − 2RkiRkj +RRij
−1
4
gij(R
2 − 4RijRij +RijklRijkl)], (III.71)
J ≡ gijJij = 2
(
1− d
4
)
LGB, (III.72)
which are consistent with those results in Eq.(III.16),
namely, Jij = E
(2)
ij and J = E
(2). The z = 5 HLd+1
gravity action is
S=
∫
dt
∫
ddx
√
gN
[
2
κ2
(KijK
ij − λK2)
− κ
2
8κ4W
(
RijRij− 1−d/4−λ
1−dλ R
2− (d−2)ΛWR−dΛ
2
W
1−dλ
)
− κ
2
4κ2W
γ
(
E(2)ijRij− 1−2λ
2(1−dλ)E
(2)R+
ΛW
1−dλE
(2)
)
− κ
2
8
γ2(E(2)ijE
(2)
ij − λ˜E(2)E(2))
]
, (III.73)
which is a special case of Eq.(III.25) with α2(d− 4)! = γ
since d = 5.
Under the metric ansatz in Eq.(III.1), Eij(2) and E(2)
are given by Eqs.(III.33), (III.34), and (III.35),
E(p) = −1
2
(d− 1)!
(d− 5)!r
−(d−1)
[
rd
(
g(r)
r2
)2]′
,
Er(2)r = −
1
2
(d− 1)!
(d− 5)!
(
g(r)
r2
)2
,
Em(2)n = −
1
2
(d− 2)!
(d− 5)!r
−(d−2)
[
rd−1
(
g(r)
r2
)2]′
δmn .
The equations of motions can be obtained by substi-
tuting Eq.(D.6), and we find that there are four branch
solutions to HLd+1 at z = 5 UV fixed point,
g(r)=− r
2
2(d− 3)(d− 4)γκ2W
± r2− d4
√
CG +
1
4(d− 3)2(d− 4)2γ2κ4W
(
1 +
8(d− 3)(d− 4)ΛW
(d− 1)(d− 2) γκ
2
W
)
r
d
2 , (III.74)
with CG = 0 or CG 6= 0. While there are only two physical solutions, assuming that the solution should recover
those in the limit γ → 0,
f(r)=k+
r2
2(d− 3)(d− 4)γκ2W
[
1−
√(
1+
8(d− 3)(d− 4)ΛW
(d− 1)(d− 2) γκ
2
W
)
+
CF
r
d
2
]
≈ k− 2ΛW
(d− 1)(d− 2)r
2 +O(γ),(III.75)
with CF = 0 or CF = [2(d − 3)(d − 4)γκ2W ]2CG 6= 0. In particular, for d = 3 and d = 4, one obtains HL4 and HL5
at z = 5, respectively,
HL4 : f(r) = k − ΛW r2 ± C
√
r; HL5 : f(r) = k − ΛW
3
r2 ± C, (III.76)
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with C = 0 or C 6= 0. For charged black holes of HLd+1 gravity with z = 5 UV fixed point, we obtain
f(r)=k +
r2
2(d− 3)(d− 4)γκ2W
[
1−
√√√√(1+8(d− 3)(d− 4)ΛWγκ2W
(d− 1)(d− 2)
)
+
γκ2W
r
d
2
√
C2F
γ2κ4W
+
32(d− 3)2(d− 4)2ΛW
(d− 1)2(d− 2)2
q20
rd−2
]
,
with CF 6= 0. For d = 5, one obtains the charged black holes of HL6 at z = 5, one obtains
f(r)=k +
r2
4γκ2W
(
1−
√√√√1+ 4ΛWγκ2W
3
+
γκ2W
r
5
2
√
C2F
γ2κ4W
+
8ΛW
9
q20
r3
)
.
2. Conformal term:γ 6= 0, α 6= 0 and β 6= 0
When γ 6= 0, but α 6= 0 and β 6= 0 too , the action in
Eq.(III.67) becomes
W5=
∫
ddx
√
gγ
[
α
γ
(
RijRij +
β
α
R2
)
+ LGB)
]
. (III.77)
Let us consider a special case for Eq.(III.67). When
β = − d
4(d− 1)α, (III.78)
according to Eq.(III.69), one obtains the trace of the field
equation of motion,
E(W5) = 2
(
1− d
4
)[
α
(
RklRkl− d
4(d− 1)R
2
)
+γLGB
]
,
since the Laplacian term of Ricci scalar in Eq.(III.69)
vanishes. In addition to Eq.(III.78), by choosing
α
γ
=
4(d− 3)
d− 2 , (III.79)
the action Eq.(III.77) becomes that of conformal gravity,
W5 =
∫
ddx
√
gγCijklCijkl , (III.80)
where Cijkl are Weyl tensor defined as
Cijkl ≡ Rijkl − 2
d− 2
(
gi[kRl]j − gj[kRl]i
)
+
2
(d− 1)(d− 2)gi[kgl]jR, (III.81)
which describes completely the traceless part of the Rie-
mann tensor. In three dimensions, the Weyl tensor van-
ishes identically. Therefore, the term in Eq.(III.81) is
present since d = 4. In d ≥ 4, the vanishing of Cijkl
implies an equivalent condition of conformal flatness of
a Riemann metric.
By using the definition of Weyl tensor in Eq.(III.81),
one obtains the identity of the square of Weyl tensor,
i.e., Weyl anomaly CijklCijkl as below,
RijklR
ijkl− 4
d− 2RijR
ij+
2
(d− 1)(d− 2)R
2, (III.82)
which can be expressed as
LGB + 4(d− 3)
d− 2 RijR
ij − d(d− 3)
(d− 1)(d− 2)R
2, (III.83)
where LGB is the Gauss-Bonnet term defined in
Eq.(III.65). Alternatively, by comparing Weyl anomaly
in Eq.(III.83) with the action in Eq.(III.77), one recovers
the ratio chosen in Eqs.(III.78) and (III.79).
Therefore, the dynamics controlled by the action in
Eq.(III.80) together with Eq.(III.64) consists of the crit-
ical gravity in Riemman manifold with pure spatial met-
ric g since d = 5 dimensions.
The trace of the field equation of motion become
E(W5) = γE
(2) = 2
(
1− d
4
)
γCijklCijkl . (III.84)
In this case, one finds that, the equations of motion be-
comes
Emn = L
m
n + γE
(2)m
n = 0,
Err = L
r
r + γE
(2)r
r = 0,
E = L+ γE(2) = 0, (III.85)
where Ls are given in Eqs.(III.95), (III.96), and (III.91);
Js are given in Eq.(III.71) and Eq.(III.72). Therefore,
the equations of motion are completely determined by
the leading order potential due to Eq.(III.107).
It turns out that there are two branches for the so-
lution to the topological neutral black hole in HLd+1
inheriting from d-dimensional critical gravity
g(r) =
2ΛW
(d− 1)(d− 2)r
2 + CGr
2− d2 , (III.86)
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with CG = 0 or CG 6= 0. The corresponding topological charged black hole with λ = 1 becomes
g(r) =
2ΛW
(d− 1)(d− 2)r
2 ± r2− d2
√
CG +
2ΛW
(d− 1)2(d− 2)2
q20
rd−2
, (III.87)
where only the branch with plus sign is physical, which reduces to the neutral black holes when the charge is absent.
Therefore, the topological charged black holes of HLd+1 gravity with conformal term, are given by
f(r) = k − 2ΛW
(d− 1)(d− 2)r
2 − r2− d2
√
CG +
2ΛW
(d− 1)2(d− 2)2
q20
rd−2
, (III.88)
with CG = 0 or CG 6= 0.
D. z = 4 HLd+1 gravity
In this section, Let us consider the z = 4 HLd+1 grav-
ity since d = 4. As stated before, the Gauss-Bonnet
term is the topological surface term in d ≤ 4. As a re-
sult, it becomes a total derivative in the Lagrangian, so
that it is absent in the equations of motion. This can be
studied as a special case in the most general potential in
Eq.(B.49) with γ = 0,
W5 =
∫
ddx
√
gα
(
RijRij +
β
α
R2
)
. (III.89)
The corresponding field equations of motion are straight-
forward according to Eqs.(III.68)and (III.69) respec-
tively,
Lij(Wd)=(α+2β)(gij∇2−∇i∇j)R+α∇2Gij (III.90)
+2αRkl
(
Rikjl− 1
4
gijRkl
)
+2βR
(
Rij− 1
4
gijR
)
,
L(Wd)=2
(
d
4
α+ (d− 1)β
)
∇2R
+2
(
1− d
4
)
(αRklRkl + βR
2), (III.91)
where L ≡ gijLij .
The topological black holes cannot be analytically
solved unless one chooses a special parameter
β
α
= − d
4(d− 1) =


− 3
8
, d = 3
− 1
3
, d = 4.
(III.92)
In this set of parameters, the diagonal terms of Laplacian
of Ricci scalar as shown in Eq.(III.91) are vanishing, e.g.
in the Lagrangian of z=4 HL gravity, the term [g′′′(r)]2 ∈
L2 will be absent. Therefore, the corresponding algebra
equation of the field equation of motion is a polynomial
with the largest order no more than 4. The potential
action in Eq.(III.89) together with Eq.(III.64) is nothing
but the new massive gravity action in d ≥ 3. By choosing
the parameter
α ≡ 1
M
, (III.93)
for d = 3, 4 separately, the potential action in Eq.(III.89)
recovers that for z = 4 HL4 gravity in Eq.(B.20), and
that for z = 4 HL5 gravity in Eq.(B.35) in Appendix B3.
In the case, according to Eq.(III.90), one obtains the field
equations of motion Eij ≡ Eij(W5) and E ≡ E(W5),
Eij = αLij , [Lij ] = [Eij ]− (d− 4) = 4, (III.94)
where
Lmn =
d− 2
2(d− 1)
(
∇2R+ g(r)
r
R′
)
δmn +∇2Gmn
+ 2(RpqRmpnq +R
rrRmrnr)−
1
2
RklRklδ
m
n
− d
2(d− 1)R
(
Rmn −
1
4
δmnR
)
, (III.95)
Lrr =
d− 2
2(d− 1)
[
∇2R+
(
g(r)R′′ +
1
2
g′(r)R′
)]
+ ∇2Grr + 2RmnRrmrn −
1
2
αRklRkl
− d
2(d− 1)R
(
Rrr −
1
4
R
)
, (III.96)
L = 2
(
1− d
4
)(
RklRkl − d
4(d− 1)R
2
)
, (III.97)
where we have used Gmn = R
m
n − Rδmn /2, and Grr =
Rrr −R/2.
The full action of theory in Eq.(B.16) without the cot-
ton tensor can be generalized to be that in (d + 1) di-
mensions as shown in Eq.(III.114). The action of HLd+1
gravity with z = 4 UV fixed point can be expressed more
explicitly as below
S=
∫
dt
∫
ddx
√
gN
[
LK+ κ
2
8κ4W
(
(d− 2)R−dΛ2W
1−dλ
+
(
1− d4−λ
)
1−dλ R
2−RijRij
)
− κ
2α2
8
(LijLij−λ˜L2)
− κ
2α
4κ2W
(
LijR
ij− 1−2λ
2(1−dλ)LR+
1
1−dλΛWL
)]
, (III.98)
where LK ≡ 2(KijKij−λK2)/κ2. In the above, we have
used the subtraction of metric in pure spatial time, e.g.,
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gijgij = d, so that
Gijkl
[
Rkl +
(
ΛW − 1
2
R
)
gkl
]
= Rij +
[(
ΛW − 1
2
R
)
(1 − dλ˜)− λ˜R
]
gij , (III.99)
where λ˜ is defined in Eq.(A.11), and the identity
T ijGijkl
(
Rkl − 1
2
Rgkl + ΛW g
kl
)
= TklR
kl − 1− 2λ
2(1− dλ)TR+
1
1− dλΛWT, (III.100)
where T is a second order tensor. By choosing the pa-
rameter in Eq.(III.93) for d = 3, 4 separately, the action
in Eq.(III.98) recovers that for z = 4 HL4 gravity in
Eq.(B.26), and that for z = 4 HL5 gravity in Eq.(B.39)
in Appendix B3.
With the metric assumed in Eq.(III.1), by substitut-
ing Eqs.(III.95), (III.96), and (III.97) back into the ac-
tion, by using the identity δmpnq δ
q
p = (s − 1)δmn , where
s ≡ gmngmn = d − 1, and by using Eqs.(D.3), (D.5),
and (D.6), the action can be expressed as a function of
g(r). Finally, the field equations of motion can be solved.
There are four branches for the black hole solution to
HLd+1 at z = 4 UV fixed point,
g(r) =
2r2
(d− 2)(d− 4)ακ2W
[
1±
√(
1− 2(d− 4)ακ
2
WΛW
d− 1
)
+
[(d− 2)(d− 4)]2α2κ4W
4r
d
2
CG
]
, (III.101)
with CG = 0 or CG 6= 0. While there are only two physical solutions, assuming that the solution should recover
those in the limit γ → 0,
f(r) = k − 2r
2
(d− 2)(d− 4)ακ2W
[
1−
√(
1− 2(d− 4)ακ
2
WΛW
d− 1
)
+
CF
r
d
2
]
≈ k − 2ΛW
(d− 1)(d− 2)r
2 +O(α),(III.102)
with CF = 0 or CF = [(d− 2)(d− 4)ακ2W ]2CG/4. For d = 3 one obtains HL4 at z = 4,
f(r) = k +
2r2
ακ2W
(
1−
√
1 + ακ2WΛW +
α2κ4W
4r
3
2
CG
)
, (III.103)
with CG = 0 or CG 6= 0. For d = 4, one obtains HL5 at z = 4,
f(r) = k − ΛW
3
r2 ∓ C, (III.104)
with C = 0 or C 6= 0. The results recover the z = 4 HL gravity [27] at d = 3, 4 by choosing α =M−1.
For topological charged black holes of HLd+1 gravity with z = 4 UV fixed point, we obtain
f(r) = k − 2r
2
(d− 2)(d− 4)ακ2W
[
1−
√√√√(1− 2(d− 4)ακ2WΛW
d− 1
)
+
ακ2W
r
d
2
√
C2F
α2κ4W
+
2(d− 4)2ΛW
(d− 1)2
q20
rd−2
]
, (III.105)
with CF 6= 0. For d = 3, one obtains HL4 at z = 4,
f(r) = k +
2r2
ακ2W
(
1−
√√√√1 + ακ2WΛW + ακ2W
r
3
2
√
C2F
α2κ4W
+
ΛW
2
q20
r
)
. (III.106)
We will study in more detail the topological charged
black holes in Sec. IIIG, where without losing generality,
we have chosen the parameter as shown in Eq.(III.93).
In this case, the above solution to the black holes metric
in HL4 at z = 4, just recovers that in Eq.(III.181).
E. z = 3 HLd+1 gravity
For z = 3 HLd+1 gravity in d ≤ 3, the most general
spatial potentialW is the d-dimensional spatial isotropic
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Einstein-Hilbert potential4 in Eq.(III.64),
W1 =
1
κ2W
∫
ddx
√
g(R − 2ΛW ), (III.107)
with scaling dimension
[κW ] =
2− d
2
. (III.108)
it is worthy of notice that for d = 3 case, the scaling
dimension of the coupling κW becomes negative. This
implies that Eq.(III.107) is not a complete potential ac-
tion for the UV theory, but merely a low-energy effec-
tive field theory for d = 3. It will be broken down at
an energy scale set by the dimensionful couplings κW ,
unless including a new potential action term as shown in
Eq.(B.11), namely, the three-dimensional Chern-Simons
gravity(CS3) action. For the general case, one finds that
in the background metric in Eq.(III.1), the field equa-
tions of motion are due to the CS3, i.e., the Cotton tensor
is vanishing. Therefore, in the following, one just needs
to consider the actionW1 in Eq.(III.107), but leave d = 3
case discussed in Appendix. B 2 a.
According to Eq.(A.12), we obtain Eij and its scaling
dimension
Eij=− 1
κ2W
(
Rij− 1
2
Rgij+ΛW g
ij
)
, [Eij ] = d, (III.109)
where we have used
δR
δgij
=
δ(gklR
kl)
δgij
= −Rij + gkl δRkl
δgij
,
δ
√
g =
1
2
√
ggijδgij = −1
2
√
ggijδg
ij . (III.110)
In this case, the Horˇava-Lifshitz gravity theory in (d+1)
dimensions takes the potential density form as below
V [g] = κ
2
8κ4W
(
RijRij − 1− d/4− λ
1− dλ R
2
− (d− 2)ΛWR− dΛ
2
W
1− dλ
)
. (III.111)
Note that when d > 2, lower dimension operator ΛW in
theW potential will induce two new terms, proportional
to ΛWR and Λ
2
W , which are combined as the third term
in the above expression.
According to Eqs.(III.109) and (A.20), we have a gen-
eralized covariantized Ricci flow equation with parame-
ter λ,
g˙ij = 2∇(iNj) −N
κ2
2κ2W
(
Rij
− 2λ− 1
2(dλ− 1)Rgij −
1
dλ− 1ΛW gij
)
.(III.112)
4 For z = 3 HL4 gravity special case, the Chern-Simons gravity
action will be present; for more detail, refer to Appendix. B 2 a.
The flow takes account of a spatial diffeomor-
phism(possibly time dependent) and a time
reparametrization. The naive Ricci flow equation
is obtained by choosing a popular gauge N = 1, Ni = 0,
and λ = 1; we have
g˙ij=− κ
2
2κ2W
(
Rij− 1
2(d− 1)Rgij−
ΛW
d− 1gij
)
, (III.113)
where R is the average(mean) of the scalar curvature,
and the normalized equation preserves the volume of the
metric. The time evolution equation of the metric gij is
called the geometric evolution equation with normalized
Ricci flow for a Riemannian manifold in math literature.
The normalization coefficient in front of the right hand
side of the equation is not important since it can be
changed to any nonzero real number by rescaling time t,
while the minus sign in front is relevant since it ensures
that the Ricci flow is well-defined for sufficiently small
positive times, which means gij can run forwards in time
but not usually backwards. The physical meaning of the
equation is that the Ricci flow tends to expand negatively
curved regions of the manifold, and contract positively
curved regions of the manifold.
The full action of theory is
S=
∫
dt(L0 + L1), (III.114)
L0≡
∫
ddx
√
gN
[
LK+ κ
2
8κ4W
(
(d− 2)ΛW
1− dλ R−
dΛ2W
1− dλ
)]
,
L1≡
∫
ddx
√
gN
κ2
8κ4W
((
1− d4 − λ
)
1− dλ R
2 −RijRij
)
,
where LK ≡ 2(KijKij − λK2)/κ2. The first two terms
in the L0 are kinetic density, while the residues are po-
tential density. The third term in L0 consists of two
parts: one is the spatial Ricci scalar term ΛWR and the
other is the spatial volume term Λ2W , which will domi-
nate the dynamics of theory at the long distance. The
lower dimensional operator ΛW in the W potential, will
induce terms proportional to ΛWR and Λ
2
W from arbi-
trary z and flow to z = 1 in the infrared, which is the
fixed point of the usual Einstein’s gravity. it is worthy
of notice that
[dtddx] = −z − d, [R2] = 4,[ κ2
κ4W
]
= (z − d)− 2(2− d) = z + d− 4. (III.115)
Consequently, [V [g]] = z + d = [dtddx]−1; thus, the La-
grangian density is dimensionless.
By substituting the metric ansatz in Eq.(III.1) into
the Lagrangian of the bulk theory in Eq.(III.114), and by
using the matching conditions in Eqs.(IV.2) and (IV.5),
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the action can be re-expressed explicitly as
L0=
∫
drN˜
Ωd−1,kc
3
16πGN
rd−1
(
− d
d− 2ΛW
−(d− 1) [(d− 2)(f(r) − k) + rf
′(r)]
r2
)
, (III.116)
L1=
∫
drN˜
Ωd−1,kc
3
16πGN
rd−1
1
ΛW
(d− 1)(d− 2)
×
(
λ− 1
4r2
f ′(r)2 − 2λ+ (d− 3)
2r3
(f(r)− k)f ′(r)
+
4λ− [2 + (d− 2)(d− 3)]
4r4
(f(r) − k)2
)
, (III.117)
where we have used Eqs.(II.6) and (III.1) so that
√
gN =
(
√
grr
√
γ)
√
gd−1xx
√
gtt =
√
γN˜rd−1, since gtt = N˜
2grr,
Ωd−1,k =
∫
dxd−1
√
γ, and
R=−d− 1
r2
[(d− 2)(f(r)− k) + rf ′(r)],
RijR
ij=
(d−1)2
4r2
f ′(r)2+
d−1
4r4
[2(d−2)(f(r)−k)+rf ′(r)]2.
These can be obtained through Eq.(D.6), by remember-
ing that g(r) ≡ k−f(r). As a special case, the IR behav-
ior of the HL4 gravity in the background of the metric
can be obtained from Eq.(III.116) by setting d = 3,
L0 =
Ω2,kc
3
16πGN
∫
drN˜ (r)
[ − 3ΛW r2
− 2[(f(r)− k) + r f ′(r)]], (III.118)
which recovers the L0 in Eq.(B.16).
1. IR relevant dynamics: L0
By doing variation of Eq.(III.116) with respect to f(r)
and N˜(r), respectively,5, one obtains the equations of
motion
0=(d− 1)(d− 2)rd−2N˜ ′,
0=−dΛW r2 − (d− 1)(d− 2)[(d− 2)(f(r)− k) + rf ′(r)],
where for d = 1, 2 case, the N˜ can be an arbitrary func-
tion; thus, one can choose them to be a constant for
convenience. The solution turns out to be
N˜(r)=const, f(r)=k− ΛW
(d− 1)(d− 2)r
2− c1
rd−2
,(III.119)
5 Note that the derivation of f ′ with respect to f , can be sim-
plified by exchanging the variation and differential as δf f
′(r) =
δf
−→
∂ rf =
−→
∂ r(δf f) = −
←−
∂ r , with the minus sign originates from
the partial integral operation.
where c1 is an integral constant with length dimension
d− 2 that can be normalized to be a radial radius c1 ≡
ℓd−2. Note that the const N˜(r) can be absorbed into
the time coordinate. For convenience, one can make the
choice for the constants.
N˜(r) = 1, f(r) = k− 2Λ
d(d− 1)r
2− ℓ
d−2
rd−2
,(III.120)
where Λ will be given in Eq.(IV.2) for d ≥ 3 case. Con-
sequently, the exact solution of the topological metric in
Eq.(III.1) in the IR limit of HL gravity turns out to be
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2d−1,k.
f(r) = k − 2Λ
d(d − 1)r
2 − ℓ
d−2
rd−2
. (III.121)
This is nothing but the topological black holes in (d+1)-
dimensional Einstein’s general relativity with ΛW 6= 0.
In (3 + 1) dimensions, for the spherically symmetric
case k = 1 in Eq.(III.3), by using the effective cosmolog-
ical constant in Eq.(IV.2)(ΛW = 2Λ/3), we obtain the
metric as the solution with respect to the Lagrangian
L0, which recovers that in Ref. [25].
ds2 = −f(r)dt2 + f(r)−1dr2 + r2(dθ2 + sin2 θdφ2),
f(r) = 1− Λ
3
r2 − ℓ
r
, (III.122)
which is an AdS(for Λ < 0 if λ > 1/3) Schwarzschild
black hole or dS(for Λ > 0 if λ < 1/3) Schwarzschild
black hole. This is consistent with the result in Ref. [25].
For AdS case with negative cosmological constant, by
using Eq.(IV.2), let us make the notation that
Λ≡−d(d−1)
2ℓ2
< 0,⇒ ΛW =− (d−1)(d−2)
ℓ2
< 0. (III.123)
In this case, Eq.(III.121) becomes
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2d−1,k,
f(r) = k − r
2
ℓ2
− ℓ
d−2
rd−2
, (III.124)
i.e., for (3 + 1) dimensions, we have Λ = −3/ℓ2, ΛW =
−2/ℓ2. Therefore, the Lagrangian density L0 that dom-
inates at IR still recover the AdS4 black hole with nega-
tive cosmological constant in the usual Hilbert-Einstein
action with λ = 1, while if the UV sector L1 is taken
into account, the IR physics of the black hole will be
modified as we will see later on.
2. UV relevant dynamics: L0 + L1
The full LagrangianL0+L1 in the background of topo-
logical metric in Eq.(III.1) can be calculated explicitly
with Eqs.(III.116)-(III.117). By observing the asymp-
totic behavior of the IR relevant solution in Eq.(III.119),
f(r)
r→∞≈ k − ΛW
(d− 1)(d− 2)r
2 + . . . . (III.125)
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One can define a new function F (r),
F (r) ≡ k − 2ΛW
(d− 1)(d− 2)r
2 − f(r). (III.126)
According to Eqs.(III.116) and (III.117), the full bulk
Lagrangian L0 + L1 takes the form,
L0 + L1=
Ωd−1,kc
3
16πGN
∫
drN˜ (r)
(d − 1)(d− 2)
2ΛW
rd−3 ×(
λ− 1
2
F ′(r)2 − 2λ+ (d− 3)
r
F (r)F ′(r) +
2(2λ− 1)− (d− 2)(d− 3)
2r2
F (r)2
)
, (III.127)
which recovers the relativistic case by setting λ = 1,
Ωd−1,kc
3
16πGN
∫
drN˜ (r)
(
− (d− 1)
2(d− 2)
4ΛW
F (r)2
r4−d
)′
.(III.128)
By doing variation with respect to F (r) and N˜(r) re-
spectively, the equations of motion are obtained
0=N˜(r)(λ − 1)
(
2(d− 2)
r2
F (r) − (d− 3)
r
F ′(r)− F ′′(r)
)
+N˜ ′(r)
(
2λ+ (d− 3)
r
F (r) − (λ− 1)F ′(r)
)
, (III.129)
0=
λ− 1
2
F ′(r)2 − 2λ+ (d− 3)
r
F (r)F ′(r)
+
2(2λ− 1)− (d− 2)(d− 3)
2r2
F (r)2, (III.130)
which give solutions
F (r) = CF r
λ±
F , (III.131)
λ±F ≡
2λ+ (d− 3)±
√
(d− 1)(dλ− 1)
λ− 1 ,
N˜(r) = CNr
λ±N , (III.132)
λ±N ≡ −
(d− 2) + dλ± 2
√
(dλ − 1)(d− 1)
λ− 1 ,
where CF,N are both integration constants and it is wor-
thy of notice that λ±N and λ
±
F are not independent, re-
spectively;
λ±N = 4− d− 2λ±F , (III.133)
which is just a special case of Eq.(III.49) with n = 2.
In the case that CF = 0, N˜(r) is not restricted by the
equations of motion, and thus is an arbitrary function,
F (r) = 0, N˜(r) = arbitrary. (III.134)
In this case, the metric solution in Eq.(III.1) becomes
ds2=−N˜(r)f(r)c2dt2 + f(r)dr2 + r2dΩ2d−1,k.
f(r) = k − 2ΛW
(d− 1)(d− 2)r
2. (III.135)
The exponent coefficients in some special limit reduce to
be
lim
λ→1/d
λ+F = 2− d, lim
λ→1±
λ+F = ±∞, lim
λ→±∞
λ+F = +2;
lim
λ→1/d
λ−F = 2− d, lim
λ→1±
λ−F = 2−
d
2
, lim
λ→±∞
λ−F = +2.
For the negative branch, λ−F is an increasing function of
λ, and is always less than 2 for positive λ ∈ [1/d,+∞).
It is always less than 2 for positive λ, thus, the r2 term
in F (r) always dominates at large distance r →∞.
In other words, the negative branch of the function
F (r) in HL gravity affects only the IR behavior of the
topological black holes, while for the positive branch,
there is a singularity at λ = 1. In summary, the value
range of exponent of function F (r) is
λ+F ∈ [2− d,−∞] ∪ [+∞,+2], λ−F ∈ [2− d,+2].
i.e, λ+F (λ = 1/3) = −1,−4,−4 −
√
6 ≈ −6.449 for d =
3, 4, 5 respectively, while λ−F (λ = 1/3) = −1,−1,−4 +√
6 ≈ −1.551 for d = 3, 4, 5. Thus λ+F (λ = 1/3) is a
monotonically decreasing function of spatial dimensions
d, while λ−F (λ = 1/3) is a decreasing function of d, and
achieves its maximal value −1 at both d = 3 and d = 4.
lim
λ→1/d
λ+N = d, lim
λ→1±
λ+N = ∓∞, limλ→±∞λ
+
N = −d;
lim
λ→1/d
λ−N = d, limλ→1pm
λ−N = 0, limλ→±∞
λ−N = −d.
i.e, λ+N (λ = 1/3) = 3, 8, 7 + 2
√
6 ≈ 11.899 for d = 3, 4, 5
respectively, while for d = 4, λ−N (λ = 1/3) = 3, 2, 7 −
2
√
6 ≈ 2.101 for d = 3, 4, 5. Thus, λ+N (λ = 1/3) is a
monotonically increasing function of spatial dimensions,
while λ−N (λ = 1/3) achieves its minimal value 2 at d = 3.
Therefore, the value range of exponents of function F (r)
is
λ+N ∈ [d,+∞] ∪ [−∞,−d], λ−N ∈ [d,−d].(III.136)
In summary, the general solution of the topological black
holes in HL gravity is given in Eq.(III.1) with
N˜2(r) = C2N r
2λ±
N ,
f(r) = k− 2ΛW
(d− 1)(d− 2)r
2−CF rλ
±
F .(III.137)
It is worthy of notice the difference between the metric of
Lifshitz gravity in Refs. [40, 41] and the metric of topo-
logical neutral black holes in z=d Hoaˇva-Lifshitz(HL)
gravity with k = 0 case at long distance in the IR
limit. It turns out that the metric of Lifshitz gravity,
i.e., Lifd+1 with z 6= 1, is a special vacuum solution of
z = 2 HL gravity with negative cosmological constant,
by including a low energy effective Lagrangian at long
distance in the IR limit. To be more concrete,
17
1. λ = ±∞,
ds2 = −r−2df(r)dt2 + f(r)−1dr2 + r2dΩ2d−1,k,
f(r) = k − 2ΛW
(d− 1)(d− 2)r
2 − CF r2, (III.138)
where CN is normalized to be a unit and CF can
be absorbed into the cosmological constant.
2. λ = 1d ,
ds2 = −r2df(r)dt2 + f(r)−1dr2 + r2dΩ2d−1,k,
f(r) = k − 2ΛW
(d− 1)(d− 2)r
2 − CF
rd−2
, (III.139)
where CN is normalized to be unit and CF is ir-
relevant in the infinite boundary. The solution has
an IR singularity at r = 0 if CF 6= 0 in the large
distance where CF is relevant.
3. λ = 1,
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dΩ2d−1,k,
f(r) = k − 2ΛW
(d− 1)(d− 2)r
2 − CF r2− d2 . (III.140)
The stable solution for λ = 1(ΛW < 0) is asymp-
totically AdSd+1 at large distance and it has an IR
singularity at (r = 0) if CF 6= 0, which could be
covered by a black holes horizon at r = r+, where
r+ is the largest root of the equation f(r) = 0.
Note that for k = 1 case, the solution does not re-
cover the usual AdSd+1 Schwarzschild black hole,
namely, the solution in Eq.(III.140) suggests that
the solution to the field equations of motion of the
HL gravity with Lagrangian L0+L1 in the IR limit
does not repeat the usual AdS Schwarzschild black
holes in the general relativity at large distance, as
shown in Eq.(III.121).
F. Topological charged black holes in generalized
HLd+1 gravity with generic ǫ
The electric charge can be incorporated by coupling
the electromagnetic field to the gravitational sector of
the action[19, 20, 42, 45]. In the section, we consider
the charged generalization of the topological black holes.
The Hamiltonian action of the Maxwell field[or U(1)
gauge field] in a curved space-time is
SEM=
∫
dtddxLEM + SEMB , (III.141)
LEM=piA˙i − 1
2
N
(
α√
g
pipi +
√
g
2α
FijF
ij
)
+ φ∂ip
i,
where N is the lapse function, g is the determinant of
the induced metric of the ADM decomposition of space-
time. pi is the momentum conjugate to the spatial com-
ponents of the Maxwell field Ai or the vector potential,
and meanwhile the scalar potential is φ = At. S
EM
B is a
surface term that depends on the boundary conditions.
The constant α is a parameter, which may be conve-
niently taken to be equal to the area of the hypersurface
Ωd−1,k, i.e., a (d− 1)-unit sphere for k = 1 case. We are
only interested in the solutions without magnetic charge,
radial, static Maxwell field, namely,
Fij = 0, p
i = (0, pr, 0, . . . , 0), A˙i = 0 = p˙
i, (III.142)
where i = 1, 2, . . . d − 1, and the conjugate momentum
[pi] = [L−1] = 1. After imposing the above conditions,
the action is reduced to be one for the Coulomb field
taking the form S¯EM ≡ SEM − SEMB ,
S¯EM=
Ωd−1,k
α
∫
dtdr
(
− 1
2
N˜rd−1p2+φ(rd−1p)′
)
,(III.143)
where N˜(r) ≡ N√grr and p is the rescaled radial compo-
nent of pi. γ is the determinate of the (d−1)-dimensional
Einstein space dΩ2d−1 = γmndx
mdxn, namely, γ =
det(γmn). It is obvious that
√
g =
√
γ
√
grr and Ωd−1,k =∫
dd−1x
√
γ. The prime is the derivative with respect to
the radial coordinate. In this above derivation, we have
used that
p˙i = 0, p
r =
√
γ
α
rd−1p, ∂ip
i = ∂rp
r =
√
γ
α
(prd−1)′,
α√
g
pipi =
α√
g
gijp
ipj = α
grr(p
r)2√
grrγ
=
√
g
α
p2r2(d−1).
The Hamiltonian action of Maxwell field in the zero
magnetic charge, radial static and spherically symmetric
background in Eq.(III.143) is general. By considering
the metric ansatz in Eq.(III.1), we find that N =
√
gtt =
N˜
√
f(r) = N˜
√
grr.
In the following, let us consider the λ = 1 case6, in
addition, to investigate the physical consequence for the
deviation from the detailed balance condition; we assume
a small derivation from the detailed balance condition,
measured by the detail balance violation parameter ǫ ∈
[0, 1),
Sǫ =
∫
dtLǫ, Lǫ ≡ L0 + (1− ǫ2)L1, (III.144)
where L0 accounts for the IR relevant Lagrangian, ǫ
2 6= 0
is a small variation from zero, the Lagrangian reduces to
be the IR relevant one when ǫ = 1, but reduces to be the
one with the detailed balance condition with ǫ = 0. After
substituting the metric ansatz in Eq.(III.1), according to
6 Note, in the following, we will mainly focus on the λ = 1
case, which is more physical interesting in the sense that its
Hamiltonian density reduce to be the Wheeler Dewitt equa-
tion in the canonical quantization of the gravity, i.e., Gijkl =
(gikgjl + gilgjk − gijgkl)/2.
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Eqs.(III.116) and (III.117), one obtains the full modified
Lagrangian in (d+ 1) dimensions,
Lǫ=
Ωd−1,kc
3
16πGN
∫
drN˜ (r)Ud(r, λ), (III.145)
Ud(r, λ)=
(d− 1)(d− 2)
2ΛW
rd−3
[
ǫ2
(
2dΛ2W
(d− 1)(d− 2)2 r
2
+ 2ΛWF (r) +
2ΛW
d− 2rF
′(r)
)
+ (1− ǫ2)
×
(
λ− 1
2
F ′(r)2 − 2λ+ (d− 3)
r
F (r)F ′(r)
+
2(2λ− 1)− (d− 2)(d− 3)
2r2
F (r)2
)]
,
where we have used the matching condition according to
Eq.(IV.5),
κ2
8κ4W
= − c
3
16πGN
dλ− 1
(d− 2)ΛW . (III.146)
When ǫ = 0, one obtains the full bulk Lagrangian L0+L1
as shown in Eq.(III.127).
It is worthy of emphasizing that the d = 2 case should
be handled separately; by using Eq.(IV.4), Eq.(III.145)
can be re-expressed as
Ud(r, λ)=
d(d−1)
4Λ
rd−3
[
ǫ2
(
8Λ2
d(d−1)r
2+
4(d−2)Λ
d
F (r)
+
4Λ
d
rF ′(r)
)
+(1−ǫ2)
(
2(2λ− 1)− (d− 2)(d− 3)
2r2
F (r)2
+
λ− 1
2
F ′(r)2 − 2λ+ (d− 3)
r
F (r)F ′(r)
)]
, (III.147)
assuming that Λ 6= 0 for d = 2, which is reasonable as
shown in Eq.(B.7); Eq.(III.147) becomes
U2(r, λ)=
1
2Λ
1
r
[
ǫ2
(
4Λ2r2 + 2ΛrF ′(r)
)
+(1−ǫ2)(III.148)
×
(
λ−1
2
F ′(r)2− 2λ−1
r
F (r)F ′(r)+
2(2λ−1)
2r2
F (r)2
)]
.
By combing Eqs.(III.145) and (III.143) together and
choosing constant α to be
α−1 =
c3
16πGN
, (III.149)
we obtain the (d+1)-dimensional HL-Maxwell action at
z = 3 with λ = 1,
S = Sǫ + S
EM =
Ωd−1,kc
3
16πGN
∫
dtdr
(
N˜(r)(Ud(r, λ)
− 1
2
rd−1p2) + φ(rd−1p)′
)
+ SEMB . (III.150)
Varying the action S with respect to F (r), one obtains[
(λ− 1)
(
2(d− 2)
r2
F (r) − d− 3
r
F ′(r) − F ′′(r)
)
N˜(r)
+
(
2λ+ (d− 3)
r
F (r) − (λ− 1)F ′(r)
)
N˜ ′(r)
]
(1 − ǫ2)
+
(
− 2ΛW
d− 2rN˜
′(r)
)
ǫ2 = 0. (III.151)
For the d = 3 with ǫ = 0 case, it just reproduces to
Eq.(III.129).
For the λ = 1 case, one obtains
(1− ǫ2)d− 1
r
F (r)N˜ ′(r) − ǫ2 2ΛW
d− 2rN˜
′(r) = 0.(III.152)
The general solution of N˜(r) for the λ = 1 case becomes
N˜(r) = const.. (III.153)
Varying the action S with respect to φ(r), p(r), and
N˜(r), respectively, one has the equations of motion
(rd−1p)′ = 0, −rd−1(N˜p+ φ′) = 0,
Ud(r, 1)− 1
2
rd−1p2 = 0. (III.154)
For neutral black holes in (3 + 1) dimensions with p = 0
and ǫ = 0, above EOM, i.e., U3(r, λ) = 0, just reproduce
Eq.(III.130).
For the λ = 1 case, the EOMs above give the solutions
below
d ≥ 3 : N˜(r) = N0, p(r) = − q0
rd−1
, Ud(r, 1) =
q20
2rd−1
,
φ(r) = − N0q0
(d− 2)rd−2 + φ0. (III.155)
d = 2 : N˜(r) = N0, p(r) = −q0
r
, U2(r, 1) =
q20
2r
,
φ(r) = −N0q0 ln r + φ0. (III.156)
N0, q0, φ0, and c0 are the integration constants, where
N0 ≡ N(∞) and φ0 ≡ φ(∞) are the values of N and φ
at infinity; q0 is electric charge. It will be convenient for
the metric to set N0 = µ and φ0 ≡ µ at infinity; in this
case one has
d ≥ 3 : N˜(r) = µ, φ(r) = µ
(
1− r
d−2
0
rd−2
)
,
p(r) = − q0
rd−1
, q0 = (d− 2)rd−20 . (III.157)
d = 2 : N˜(r) = µ, φ(r) = µ(1− q0 ln r) = µ
(
1− ln r
ln r0
)
,
p(r) = −q0
r
, q0 = (ln r0)
−1. (III.158)
The scaling dimension of the conjugate momentum and
charge are respectively [p] = [L−1] and [q0] = [L
d−2].
For d ≥ 3, the solution of F (r) becomes
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F (r)=
2ǫ2
1− ǫ2
ΛW
(d− 1)(d− 2)r
2+r2−
d
2
√
c0
1− ǫ2+
ǫ2
(1− ǫ2)2
4Λ2W r
d
[(d− 1)(d− 2)]2+
1
1− ǫ2
2ΛW
[(d− 1)(d− 2)]2
q20
rd−2
.(III.159)
According to Eq.(III.126), we obtain
f(r) = k − 2
1− ǫ2
ΛW
(d− 1)(d− 2)r
2 − r2− d2
√
c0
1− ǫ2 +
ǫ2
(1 − ǫ2)2
4Λ2W r
d
[(d− 1)(d− 2)]2 +
1
1− ǫ2
2ΛW
[(d− 1)(d− 2)]2
q20
rd−2

ǫ=1
= k − ΛW
(d− 1)(d− 2)r
2 +
(d− 1)(d− 2)
4ΛW
c0
rd−2
+
1
2(d− 1)(d− 2)
q20
r2d−4
,
ǫ=0
= k − 2ΛW
(d− 1)(d− 2)r
2 − r2− d2
√
c0 +
2ΛW
[(d− 1)(d− 2)]2
q20
rd−2
.
(III.160)
with [c0] = [L
d−4] and [q0] = [L
d−2]. By using Eq.(III.123), we have
f(r) = k +
2
1− ǫ2
r2
ℓ2
[
1− ǫ
√
1 +
1− ǫ2
ǫ2
(
c0ℓ4
4rd
− ℓ
2
2(d− 1)(d− 2)
q20
r2d−2
)]
(III.161)


ǫ=1
= k +
r2
ℓ2
(
1− c1ℓ
2
rd
+
ℓ2
2(d− 1)(d− 2)
q20
r2d−2
)
,
ǫ=0
= k + 2
r2
ℓ2
− r2− d2
√
c0 − 2
(d− 1)(d− 2)ℓ2
q20
rd−2
,
where
c1≡− (d− 1)(d− 2)
4ΛW
c0=
ℓ2
4
c0≡ℓd−2
⇒ c0=4ℓd−4. (III.162)
In the limit ǫ→ 1, we obtain the solution of topological
charged black holes in (d+1)-dimensional Einstein grav-
ity. While in the limit of ǫ → 0, we obtain the solution
of charged topological black holes in (d+1)-dimensional
HL gravity at z = 3 with the λ = 1 case, which is the ex-
act solution one is most interested in. Thus the solution
of the redshift factor in the charged black hole solution
becomes
f(r) = k +
2
1− ǫ2
r2
ℓ2
[
1− ǫ (III.163)
×
√
1 +
1− ǫ2
ǫ2
(
ℓd
rd
− ℓ
2
2(d− 1)(d− 2)
q20
r2d−2
)]


ǫ=1
= k +
r2
ℓ2
(
1− ℓ
d
rd
+
ℓ2
2(d− 1)(d− 2)
q20
r2d−2
)
.
ǫ=0
= k + 2
r2
ℓ2
− r2− d2
√
4ℓd−4 − 2
(d− 1)(d− 2)ℓ2
q20
rd−2
.
As expected, it is just the AdS( since ΛW < 0 for λ > 1/3
) RN black hole solution in the IR limit.
In (3 + 1) dimensions, one has
f(r) = k +
2
1− ǫ2
r2
ℓ2
[
1− ǫ
√
1 +
1− ǫ2
ǫ2
ℓ3
r3
(
1− 1
4ℓ
q20
r
)]


ǫ=1
= k +
r2
ℓ2
− ℓ
r
+
1
4
q20
r2
ǫ=0
= k + 2
r2
ℓ2
− 2
√
r
ℓ
− q
2
0
4ℓ2
.
(III.164)
In the IR limit at large distance, we have
f(r)
r→∞
= k +
2
1 + ǫ
r2
ℓ2
− 1
ǫ
ℓ
r
+
1
ǫ
q20
4r2
+ o(
1
ǫ3r4
).(III.165)
The solution has a finite mass ∼ ℓ for nonvanishing ǫ,
while it diverges at ǫ = 0, namely, in the full detailed
balance condition, the solution restores to be the corre-
sponding ones in Eq.(III.164), where the divergence be-
comes a square root −2
√
r/ℓ − q20/(4ℓ2). When ǫ = 1,
L1 vanishes, namely, no detailed balance condition is
imposed; therefore, the solution restores to be those in
Eq.(III.164).
In (d+1) dimensions, the topological black hole solu-
tions correspond to those in Eqs.(III.160) and (III.161)
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with q0 = 0, which becomes, respectively,
f(r) = k − 2
1− ǫ2
ΛW
(d− 1)(d− 2)r
2 (III.166)
− r2− d2
√
c0
1− ǫ2 +
ǫ2
(1− ǫ2)2
4Λ2W r
d
[(d− 1)(d− 2)]2
= k +
2
1− ǫ2
r2
ℓ2
− r2− d2
√
c0
1− ǫ2 +
ǫ2
(1− ǫ2)2
4rd
ℓ4
,


ǫ=1
= − ΛW
(d− 1)(d− 2)r
2 +
(d− 1)(d− 2)
4ΛW
c0
rd−2
,
ǫ=0
= k − 2ΛW
(d− 1)(d− 2)r
2 − r2− d2√c0.
For HL4, one has
f(r)
d=3
= k − ΛW r
2
1− ǫ2 −
√
r
√
c0
1− ǫ2 +
ǫ2
(1− ǫ2)2Λ
2
W r
3


ǫ=1
= k − ΛW
2
r2 − c1
r
= k +
r2
ℓ2
(
1− 2M
r3
)
,
ǫ=0
= k − ΛW r2 −√c0r = k + 2r
2
ℓ2
− 2
√
r
ℓ
,
(III.167)
2M = ℓ3, c1 = ℓ, ΛW = − 2
ℓ2
, c0 = 4ℓ
−1,
while for HL5, one has
f(r)
d=4
= k − 1
1− ǫ2
ΛW r
2
3
−
√
c0
1− ǫ2 +
ǫ2
(1− ǫ2)2
Λ2W r
4
9

ǫ=1
= k − ΛW
6
r2 − c1
r2
= k +
r2
ℓ2
(
1− 2M
r4
)
,
ǫ=0
= k − ΛW
3
r2 −√c0 = k + 2r
2
ℓ2
− 2,
(III.168)
2M = ℓ4 c1 = ℓ
2, ΛW = − 6
ℓ2
, c0 = 4.
In the limit ǫ→ 1, the solutions are reduced to be the IR
relevant solutions to the topological neutral black holes
in HL gravity, which are exactly pure AdS4 and AdS5
space-time with negative cosmological constant, respec-
tively; N˜(r) = 1,
AdS4 : f(r) = k − ΛW
2
r2 − c1
r
= k +
r2
ℓ2
− ℓ
r
, (III.169)
c1 = − c0
2ΛW
=
c0ℓ
2
4
= ℓ, c0 = 4ℓ
−1;
AdS5 : f(r) = k − ΛW
6
r2 − c1
r2
= k +
r2
ℓ2
− ℓ
2
r2
,(III.170)
c1 = − 3c0
2ΛW
=
c0ℓ
2
4
= ℓ2, c0 = 4.
When the detailed balance condition is satisfied, namely,
ǫ = 0, the solution reflects the detailed balance condition
of the theory,
HL4 : f(r)=k − ΛW r2 −√c0r = k + 2r
2
ℓ2
− 2
√
r
ℓ
,(III.171)
HL5 : f(r)=k − ΛW
3
r2 −√c0 = k + 2r
2
ℓ2
− 2. (III.172)
For the d = 2 case, one needs to solve Eq.(III.156), with
U2(r, 1) given by Eq.(III.148) with λ = 1, one needs to
solve
U2(r, 2) =
1
2Λ
1
r
[
ǫ2
(
4Λ2r2 + 2ΛrF ′(r)
)
+ (1− ǫ2)
(
1
r2
F (r)2 − 1
r
F (r)F ′(r)
)]
=
q20
2r
,
which gives the solution
f(r) = k − 2Λ
1− ǫ2 r
2 (III.173)
− r
√
c0
1− ǫ2 +
4ǫ2
(1− ǫ2)2Λ
2r2 − 2Λ
1− ǫ2 q
2
0 ln r

ǫ=1
= k − Λr2 + c0
4Λ
− q
2
0
2
ln r,
ǫ=0
= k − 2Λr2 − r
√
c0 − 2Λq20 ln r.
(III.174)
G. Topological charged black holes in generalized
HL4 gravity at z = 4 with λ = 1
For the case we considered in Appendix B 2 a, when we
only haveW1 andW2 in Eqs.(B.8) and (B.11), the fullW
is the action for topological massive gravity [33, 34, 36],
and resulting HL gravity just has a z = 3 fixed point in
the UV. To obtain a z = 4 gravity, one not only needs
to keep the W1 and W2, but also has to keep the W3
term in Eq.(B.20). In the case we choose β = −3/8,
W represents the action of the Euclidean version of the
new massive gravity, which is a renormalizable gravity
theory in the Minkowski space-time [36]. The action of
(3+1)-dimensional HL gravity at z = 4 in Eq.(B.26) can
be re-expressed as
S =
∫
dt
∫
d3x(L0 + L1)
L0 = √gN
(
2
κ2
(KijK
ij − λK2) + κ
2(ΛWR− 3Λ2W )
8κ4W (1− 3λ)
)
,
L1 = √gN
[
− κ
2
2ω4
CijC
ij +
κ2
2κ2Wω
2
ǫijkRil∇jRlk
− κ
2
8κ4W
RijR
ij +
κ2(1− 4λ)
32κ4W (1− 3λ)
R2 +
κ2
2Mω2
CijLij
− κ
2
4Mκ2W
(
LklR
kl − 1− 2λ
2(1− 3λ)LR+
1
1− 3λΛWL
)
− κ
2
8M2
(LijLij − λ˜L2)
]
. (III.175)
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Assuming the metric ansatz for topological black holes
in Eq.(III.1), for simplicity, consider the λ = 1 case, the
action in Eq.(III.175) becomes
S =
κ2Ω2,k
8κ4W (3λ− 1)
∫
dtdrN˜ (r)
{
1
r
[
ΛW r
2 + (f(r) − k)
+
1
M
(
(5 + 14β)κ2W (f(r)− k)2
r2
+
(3 + 8β)κ2W
4
f ′(r)2
− (3 + 8β)κ2W (f(r)− k)f ′′(r)
)]2}′
. (III.176)
In the limit M → ∞, the terms due to operators ∼ R2
in the potential W3 in Eq.(B.20) vanish; thus, the action
reduces to that in z = 3 HL gravity for the λ = 1 case
in Eq.(III.127),
S =
κ2Ω2,k
16κ4W
∫
dtdrN˜ (r)
(
F (r)2
r
)′
(III.177)
=
Ω2,kc
3
16πGN
1
−ΛW
∫
dtdrN˜ (r)
(
(r2ΛW + f(r)− k)2
r
)′
,
which is nothing but Eq.(III.128) with d = 3.
When the term proportional to M−1 is present and
dominates at UV in z = 4 HL gravity with λ = 1, let
us consider a special case called new massive gravity[36]
with β = −3/8. In this case, the total action with Lǫ+L3
becomes
S =
Ω2,kc
3
16πGN
1
−ΛW
∫
dtdrN˜ (r)
[
1
r
(
ΛW r
2 + (f(r)− k)
− κ
2
W (f(r) − k)2
4Mr2
)2
− ǫ2 (f(r)− k)
2
r
]′
. (III.178)
By comparing Eq.(III.178) with Eq.(III.143), and
choosing the conversion to be that in Eq.(III.149), then
one obtains a EOM for charged black holes, in analogy
to Eq.(III.155),
1
−ΛW
[
1
r
(
ΛW r
2 + (f(r) − k)− κ
2
W (f(r) − k)2
4Mr2
)2
−ǫ2 (f(r) − k)
2
r
]′
=
q20
2r2
. (III.179)
For HL gravity, one only needs to consider the ǫ = 0
case,
c0 − q
2
0
2r
(−ΛW ) = 1
r
(
ΛW r
2 + (f(r) − k)
− κ
2
W (f(r) − k)2
4Mr2
)2
, (III.180)
from which we obtain the topological charged black holes
in HL4 with z = 4,
f(r)=k+
2M
κ2W
r2
[
1−
√√√√
1+
κ2WΛW
M
(
1+
√
c0+
ΛW
2
q20
r
r3/2ΛW
)]
=k − ΛW r2 −
√
c0r + ΛW
q20
2
, M →∞ (III.181)
=k + 2
r2
ℓ2
−
√
4r
ℓ
− q
2
0
ℓ2
,
When M →∞, the solution reduces to be neutral black
holes in HL4 gravity at critical point z = 3 with ǫ = 0
and λ = 1. c0 is an integral constant, which is given by
Eq.(III.162), namely, c0 = 4ℓ
d−4 = 4c1/ℓ
2, and ΛW =
−2/ℓ2 for d = 3. c0 can also be determined by the
horizon radius via f(r+) = 0, which gives
c0 =
k2
r+
− 2kΛW r+ + Λ2W r3+ − ΛW
q20
2r+
− k
2κ2WΛW
2Mr+
×
(
1− k
ΛW r2+
− k
2κ2W
8MΛW r4+
)
. (III.182)
In the M → ∞ limit, the solution just reproduces the
solution in z = 3 HL gravity in Eq.(III.164). In the
infinite boundary, the redshift factor becomes
f(r) = k − 2M
κ2W
(√
1 +
κ2WΛW
M
− 1
)
r2
−
√
c0r
(
1 +
κ2WΛW
M
)−1
+
q20
4
√
c0r
(−ΛW )
(
1 +
κ2WΛW
M
)−1
+O(1
r
)
M→∞
= k − ΛW r2 −√c0r − ΛW q
2
0
4
√
c0r
+O(1
r
).
For the Ricci flat case k = 0 with M fixed, the redshift
factor in the infinite boundary becomes
f(r)
r→∞→ −2M
κ2W
(√
1 +
κ2WΛW
M
− 1
)
r2
≡ −ΛW r2h(κ
2
WΛW
M
) (III.183)
where h(x) ≡ 2(√1 + x−1)/x = 1−x/4+x2/8−O(x3).
The temperature becomes
T =
1
8πr+
1
1 + k
κ2
W
2Mr2+
[
− 3ΛW r2+ − k − k2
5κ2W
4Mr2+
−
(
− ΛW r2+ + k + k2
κ2W
2Mr2+
)−1
(−ΛW )q
2
0
2
]
(III.184)
M→∞
=
−3ΛW r2+ − k − (−ΛW r2+ + k)−1(−ΛW ) q
2
0
2
8πr+
k=0
=
1
8πr+
(
6
r2+
ℓ2
− q
2
0
2r2+
)
.
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In Ricci flat case with k = 0, the Hawking temperature
is not affected by the W3 term in Eq.(B.20). As to be
expected, the charge will not affect the entropy of the
black holes, which gives the result as that in neutral
black holes. From the temperature obtained above, one
can define charge through extremal radius,
q20 ≡ −6ΛW r4⋆ =
12r4⋆
ℓ2
. (III.185)
By substitute the c0 from solving f(r+) = 0 in
Eq.(III.182) and the q0 above into the redshift factor
in Eq.(III.181), one obtains
f(r)=
2M
κ2W
r2
[
1−
√√√√
1+
ΛWκ2W
M
(
1−
√
r3+
r3
+
(
1− rr+
)
q20
2ΛW r4
)]
=
2M
κ2W
r2
[
1−
√√√√
1− 2
ℓ2
κ2W
M
(
1−
√
r3+
r3
−3r
4
⋆
r4
(
1− r
r+
))]
.
It is obvious that f(r+) = 0 is always satisfied. For finite
temperature case r⋆ < r+ < r, the near horizon behavior
is
f(r) ≈ 6(r − r+)(r + r+ − 2r⋆)
ℓ2
r+→r⋆
=
6(r − rs)2
ℓ2
,
where the last equality gives near horizon behavior of ex-
tremal black holes at the zero temperature case r+ = r⋆.
It is independent of the UV parameter M as expected.
IV. CONFORMAL SYMMETRY ON THE
BOUNDARY OF TOPOLOGICAL CHARGED
BLACK HOLES IN GENERALIZED
HORˇAVA-LIFSHITZ GRAVITY
A. Matching generalized HL gravity with λ = 1 to
Einstein gravity with Maxwell action
1. Generalized HLd+1 gravity with gauge field
Consider the modified action of HLd+1 gravity with
ǫ = 0 due to the dynamics of L0 + L1, as shown in
Eq.(III.114), which reduces to be the Einstein gravity
at large distance in the IR limit, with only L0 relevant,
namely,
S0 =
1
2κG
∫
dtddx
√
gN [(KijK
ij −K2) +R− 2Λ],(IV.1)
where κG = 8πGN , GN is the effective Newton’s gravita-
tional constant, c is the effective speed of light in vacuum
and Λ is the effective cosmological constant. They can
be expressed as UV parameters as below,
c=
κ2
4κ2W
√
(d− 2)ΛW
1− dλ ,GN =
κ2c
32π
,Λ=
d
2(d− 2)ΛW .(IV.2)
By using a scaling dimension of the couplings in
Eqs.(A.6) and (III.108), one obtains the dimension for
the effective speed of light, Newton’s constant, and cos-
mological constant,
[c] = z − 1, [κG] = [GN ] = 2z − (d+ 1), [Λ] = 2.(IV.3)
As a result, at large distance, when d = 3 and z = 1,
we have [κG] = −2 as expected in general relativity,
which leads to a nonrenormalizable theory in UV when
quantum loops are taken into account. It means that
the effective large distance speed of light originates mi-
croscopically from a relevant coupling in the UV theory
describing the anisotropic dynamics of the space-time at
short distance. Conversely, the UV parameters κ, ΛW
can also be expressed by the physical measurable quan-
tities,
κ =
√
32πGN
c
, ΛW =
2(d− 2)
d
Λ, (IV.4)
with [ΛW ] = [Λ] = [R] = [L
−2] = 2. At large distance
all of them deduce from the UV complete nonrelativistic
gravity theory with dynamical critical exponent z 6= 1,
which dominates at short distance.
By using effective speed of light and Newton’s constant
in Eq.(IV.2), we have
c3
GN
=
2π(d− 2)
dλ− 1 (−ΛW )
κ2
κ4W
. (IV.5)
From the expression in Eq.(IV.2), we know that in the
space-time at large distance with d ≥ 3 and λ = 1, the
cosmological constant can only be negative,
c > 0 ⇒ Λ < 0, (d ≥ 3, λ = 1), (IV.6)
i.e., for the d = 3 case, one has
c=
κ2
4κ2W
√
ΛW
1− 3λ > 0, GN =
κ2c
32π
, Λ=
3
2
ΛW < 0.(IV.7)
For modified HL gravity with Lagrangian Lǫ = L0+(1−
ǫ2)L1 with λ = 1, with a minimal extension by including
the Maxwell action with Hamiltonian expression SEM
defined in Eq.(III.141). The generic metric of topological
charged black holes to the equations of motion of the
actions Sǫ + S
EM is given by
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2dΩ2d−1,k, (IV.8)
with the redshift factor,
f(r) = k + Hˆ−2
r2
ℓ2
g(r), Hˆ ≡
√
1 + ǫ
2
, (IV.9)
with the d ≥ 3 case as given in Eqs.(III.157) and (III.161)
g(r)
d≥3≡
1− ǫ
√
1 + 1−ǫ
2
ǫ2
(
c1ℓ2
rd − ℓ
2
2(d−1)(d−2)
q20
r2d−2
)
1− ǫ ,
φ(r)
d≥3
= µ
(
1− r
d−2
0
rd−2
)
, q0
d≥3
= (d− 2)rd−20 , (IV.10)
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or with d = 2 as special case as given in Eqs.(III.158)
and (III.173),
g(r)
d=2≡ 1
1− ǫ
[
1− ǫ
√
1 +
1− ǫ2
ǫ2
(
c1ℓ2
r2
+
ℓ2
2
q20
r2
ln r
)]
,
φ(r)
d=2
= µ
(
1− ln r
ln r0
)
, q0
d=2
= (ln r0)
−1, (IV.11)
where we have used that Λ = −d(d− 1)/(2ℓ2) d=2= −ℓ−2
and ΛW = −(d− 1)(d− 2)/ℓ2 to match with the AdS in
the IR limit at large distance.
For the case of maximal detail balance violation with
ǫ = 1 in generalized HL gravity with λ = 1, its dynamics
are completely determined by L0, i.e., Einstein’s gravity.
As shown in Eq.(III.161), it just reproduces the topolog-
ical charged black holes in AdSd+1 geometric, namely,
the RN metric,
ǫ=1, g(r)=1− c1ℓ
2
rd
+
ℓ2
2(d− 1)(d− 2)
q20
r2d−2
. (IV.12)
For the case of no detail balance violation with ǫ = 0
in HL gravity with λ = 1, its dynamics are determined
by both L0 and L1, i.e., L0+L1 with λ = 1. As shown in
Eq.(III.161), it just reproduces the topological charged
black holes in HLd+1 gravity,
ǫ=0, g(r)=1−
√
c1ℓ2
rd
− ℓ
2
2(d− 1)(d− 2)
q20
r2d−2
. (IV.13)
For Ricci flat case k = 0, one obtains the charged black
branes in generalized HLd+1 gravity
ds2 = −Hˆ−2 r
2
ℓ2
g(r)dt2 + Hˆ2
ℓ2
r2
dr2
g(r)
+
r2
ℓ2
dx2d−1, (IV.14)
where we have used the notation that dΩ2d−1,0 ≡
dx2d−1/ℓ
2 =
∑d−1
i=1 dx
2
i /ℓ
2.
In the infinite boundary r → ∞, g(r) → 1. As Hˆ
is a coordinate independent parameter, the metric in
Eq.(IV.14) just reduces to be the pure AdSd+1 space-
time, namely,
ds2 = − r
2
ℓ2H
dt2 +
ℓ2H
r2
dr2 +
r2
ℓ2H
dx2d−1, (IV.15)
by making the rescaling law behavior
ℓ→ Hˆ−1ℓ ≡ ℓH , ~x→ Hˆ−1~x. (IV.16)
which implies that the effective cosmological constant
Λ→ Hˆ2Λ. This implies that in the momentum k space-
time, the high curvature due to Lagrangian (1 − ǫ2)L1
will contribute a rescaling law in momentum space
|~k| →
√
1 + ǫ
2
|~k|. (IV.17)
2. Conformal coordinate in infinite boundary
The metric in Eq.(IV.8) can also be expressed in in-
verse radial coordinate u ≡ ℓ2/r as7
ds2 =
ℓ2
u2
(
− u
2
ℓ2
f(u)dt2 +
ℓ2
u2
du2
f(u)
+ ℓ2dΩ2d−1,k
)
,(IV.18)
with Eq.(IV.9) becoming
f(u) = k + Hˆ−2
ℓ2
u2
g(u). (IV.19)
For the Ricci flat case, Eq.(IV.14) becomes
ds2 =
ℓ2
u2
(
Hˆ2
du2
g(u)
− Hˆ−2g(u)dt2 + dx2d−1
)
.
The nontrivial function g(u) indicates that the physics
is changing with scale. The charged black branes pro-
vide a universal geometric description of many different
systems at a finite length scale r, independent of specific
microscopic details.
In the infinite boundary condition r → ∞, one has
g(r) → 1. In the conformal coordinate, the infinite
boundary is lying at u → 0 with g(u) → 1 too. One
just obtains a generalized HLd+1 space-time metric in
conformal coordinate,
ds2 =
(
ℓ
u
)2
(Hˆ2du2 − Hˆ−2dt2 + d~x2d−1), (IV.20)
where the signature of the ordinary space-time is chosen
as (−Hˆ−1,~1d−1), with (d − 1) spatial dimensions. It is
obvious that there is a scale invariance for the metric
with a scale transformation u → eα(xµ)u along the u
coordinate. By making the rescaling law behavior in
Eq.(IV.16),
u ≡ ℓ
2
r
→ ℓ
2
H
r
= Hˆ−2u, (IV.21)
then Eq.(IV.20) becomes
ds2 →
(
ℓH
u
)2
(du2 − dt2 + d~x2d−1). (IV.22)
As discussed before, this just reduces to the pure AdSd+1
space-time, by just using the rescaling law on momentum
|~k| → Hˆ|~k|. (IV.23)
For HL4 gravity at z = 4 fixed point, by using
Eq.(III.183), we obtain effective pure AdS4 black branes,
ds2 =
(
ℓ
u
)2(
du2
2h(
κ2WΛW
M )
− 2h(κ
2
WΛW
M
)dt2 + d~x2
)
,
7 The coordinate u can be identified as the RG cutoff scale ∼ Λc.
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where h(x) ≡ 2(√1 + x − 1)/x. This is equivalent to
replacing ǫ by h−1(x) − 1, x = κ2WΛW /M . In this case,
the scaling law in Eqs.(IV.16), (IV.21), and (IV.23) can
be calibrated by
Hˆ → 1√
2h(x)
, or ǫ→ 1√
h(x)
− 1 ≈ 1
8
x.(IV.24)
3. Matching HL gravity to Einstein gravity with AdS
symmetry
We consider Einstein gravity
S0 =
1
2κG
∫
dd+1x
√−g(R− 2Λ), (IV.25)
which should match the leading order of generalized
HLd+1 gravity, in the IR limit at large distance, i.e.,
the leading order action S0 in Eq.(IV.1). The Hamilto-
nian expression of the Maxwell action SEM as shown in
Eq.(III.141), is equivalent to the action of U(1) gauge
field,
SEM=
∫
dd+1x
√−gLem,
Lem=− 1
4g2em
gMNgPQFMPFNQ +AMJ
M , (IV.26)
where [JM ] = d, [AM ] = 1 and g
2
em is the electric charge
coupling of the gauge field with [g2em] = [L
d−3], thus
[gem] = (3− d)/2.
The full action of Einstein gravity in Eq.(IV.25) and
Maxwell action at large distance becomes
S=
1
2κG
∫
dd+1x
√−g
(
R+
d(d−1)
ℓ2
− ℓ
2
g2F
FMNF
MN+. . .
)
,
where [κG] = [L
d−1] = 1 − d(e.g. for d = 3, [κG] = −2,
since κ−1G ∼ Λplanck), [R] = [Λ] = [L−2] = 2 and
[F 2] = 4. The cosmological constant in Eq.(IV.25) can
be defined by Λ ≡ −d(d− 1)/2ℓ2 for AdS gravity at large
distance, where ℓ is the AdS radius. In addition, we have
introduced an effective dimensionless gauge coupling gF
as a measure of the relative strength of the electromag-
netic and gravitational forces,
1
4g2em
=
1
2κG
ℓ2
g2F
, ⇒ gem =
√
κGgF√
2ℓ
, or
gF =
√
2ℓ√
κG
gem, [gF ] = 0, (IV.27)
where ℓ is the curvature radius of AdS. It is obvious that
the effective couplings of the bulk theory, gF are becom-
ing stronger as gravitational force is becoming weaker,
and it becomes divergent in the κG → 0 limit . Thus
the effective gauge coupling gF characterizes the relative
strength of the U(1) gauge and gravitational forces.
After doing variation with respect to the metric and
the gauge field, respectively, on obtain the Einstein equa-
tions and Maxwell equation
EMN =RMN − 1
2
gMNR+ ΛgMN − κG T emMN = 0,
0=∇NFNM + JM , (IV.28)
T emMN=
1
g2em
(
FMLF
L
N −
1
4
gMNF
PQFPQ
)
+gMNAPJ
P ,
T em=
1
g2em
(
1− d+ 1
4
)
FPQFPQ + (d+ 1)APJ
P ,
or, equivalently, after subtracting the Ricci scalar, one
obtains
EMN = RMN − 2
d− 1ΛgMN − κG tMN = 0, (IV.29)
tMN ≡ 1
g2em
(
FMLF
L
N −
1
2(d− 1)gMNF
PQFPQ
)
− 2
d− 1gMNAPJ
P .
First, assume that the topological background metric
in Eq.(IV.8) has a Ricci flat hypersurface with index k =
0, namely, Eq.(IV.12).
Second, assume that there is neither external source
JM = 0, nor magnetic field, but only a static electric
field, then Bk = ǫ
ijkFij/2 = 0, Ei = Fti = −Fit 6= 0. In
terms of vector potential, it is equivalent to assume that
the vector potential has only time component, A(r) =
(At(r), 0, . . . , 0). For simplicity, it is assumed that
Er = Ftr = −Frt = A′t(r),
Ex = Ftx = −Fxt = 0, BM = 0. (IV.30)
We have used the Faraday’s law that
Er = −∇φ = −φ′ = p(r), At(r) = −φ, (IV.31)
where p(r) is given in Eqs.(III.155) or (III.156).
By substituting the vector potential into the ansatz
metric in Eq.(IV.12), the equation of motion of Maxwell
and Einstein in Eq.(IV.28) becomes
0=
d− 1
r
A′t(r) +A
′′
t (r),
0=g′(r) +
d
r
(g(r)− 1) + 2κG
g2em
1
2(d− 1)
1
r
A′t(r)
2,
0=g′′(r)+
d+3
r
g′(r)+
2d
r2
(g(r)−1)− 2κG
g2em
d−2
d−1
1
r2
A′t(r)
2.
By imposing the infinite boundary condition for vector
potential, i.e., the Maxwell field is nonvanishing but has
finite charge density At(r →∞) = µ 6= 0, the equations
of motion above give the Maxwell vector potential and
the metric
At = µ
(
1− q0
(d− 2)rd−2
)
,
g(r) = 1 +
κG
g2em
q20
(d− 1)(d− 2)r2(d−1) −
c1ℓ
2
rd
, (IV.32)
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where q0 and c1 are integral constants, q0 is physically
equivalent to the bulk charge density of the Maxwell field
in (d + 1)-dimensional space-time and c1 is physically
equivalent to the interaction source of the geometry−the
Mass∼ 2M .
By comparing with Eq.(III.149), one can deduce that
α = g2emℓ
2c−3 so that the IR relevant solutions to HL
gravity with ǫ = 1 and Maxwell gauge field are consistent
with the RN AdSd+1 metric with the k = 0 case.
In this case of HL gravity with ǫ = 1, the vector poten-
tial of the gauge field in Eq.(III.164) can be re-expressed
as
At = µ
(
1− r
d−2
0
rd−2
)
, g(r) = 1− 2M
rd
+
Q2
r2(d−1)
, (IV.33)
where
2M ≡ ℓ2c1 = ℓd, Q2 ≡ ℓ
2
2(d− 1)(d− 2)q
2
0 . (IV.34)
with scaling dimensions [M ] = [Ld], [Q] = [Ld−1] =
[L][q0]; thus, [q0] = [L
d−2]. In the second equality of the
first equation, we have used Eq.(III.162).
To match with the RN AdSd+1 metric, by comparing
with Eqs.(IV.32) and (IV.33), one obtains the charge
q0 ≡ (d− 2)rd−20 , (IV.35)
Q2 ≡ κG
g2em
q20
(d− 1)(d− 2) . (IV.36)
By comparing with Eq.(IV.27) and using Eq.(IV.35),
Q2 =
2ℓ2q20
g2F (d− 1)(d− 2)
=
2
g2F
d− 2
d− 1 ℓ
2r
2(d−2)
0 ,(IV.37)
and comparing with Eq.(IV.34), we have
1
g2F
=
1
4
, ⇒ κG
g2em
=
ℓ2
2
, (IV.38)
with [κG/g
2
em] = [L
2] = −2 and [gF ] = 0, where in the
last equality we have used Eq.(IV.27).
Since gF is dimensionless, the charge can also be ex-
pressed with characterize length ℓF ,
Q =
√
2(d− 2)
d− 1 ℓF r
d−2
0 , ℓF ≡
ℓ
gF
, (IV.39)
with [Q] = [Ld−1], where r0 is the horizon radius deter-
mined by the largest positive root of the redshift factor
f(r0) = 0 and also At(r0) = 0.
B. Topological charged black holes in generalized
HL gravity with λ = 1 and scale invariance on the
boundary
By using the matching conditions in Eq.(IV.34),
Eq.(IV.10) can be re-expressed for the d ≥ 3 case as
g(r) ≡
1− ǫ
√
1 + 1−ǫ
2
ǫ2
(
2M
rd − Q
2
r2d−2
)
1− ǫ . (IV.40)
The radius of the horizon in r coordinates is defined as
the root of the function f(r) = 0 for k = ±1 or g(r) = 0
for the k = 0 case in Eqs.(IV.12) and (IV.9), from which
we obtain the mass parameter of the charged black hole
2M=rd0
(
1+
Q2
r2d−20
)
+kℓ2rd−20 +k
2 1−ǫ2
4
ℓ4rd−40 , (IV.41)
where the charge is defined by character length ℓF via
Eq.(IV.39), which essentially reflects the competition
through relative strength of gravity and electromagnetic
forces.
By using Eq.(IV.41), f(r) in Eq.(IV.9) with g(r) de-
fined in Eq.(IV.10) can be re-expressed as
g(r)
d≥3
=
1− ǫ
√
1 + 1−ǫ
2
ǫ2
rd0
rdh(r)
1− ǫ . (IV.42)
h(r) = 1 + k
ℓ2
r20
+ k2
1− ǫ2
4
ℓ4
r40
+
Q2
r2d−20
(
1− r
d−2
0
rd−2
)
,
from which it is straightforward to check that r0
is the horizon radius determined by f(r0) = k +
Hˆ−2r20g(r0)/ℓ
2 = 0 given by Eq.(IV.9).
The Hawking temperature of a topological black hole
carrying charge, which is by definition proportional to
the surface gravity, turns out to be
T =
dr0
4πℓ2
(
d− 4
2d
k
ℓ2
r20
+
1 + k ℓ
2
2r20
− d−2d Q
2
r2d−20
1 + k ℓ
2
2r20
(1− ǫ2)
)


ǫ=0
=
dr0
4πℓ2
(
d− 4
2d
k
ℓ2
r20
+ 1− 1
1 + k ℓ
2
2r20
d− 2
d
Q2
r2d−20
)
ǫ=1
=
dr0
4πℓ2
(
1 +
d− 2
d
k
ℓ2
r20
− d− 2
d
Q2
r2d−20
)
,
(IV.43)
where to match with the results in HLd+1(ǫ = 1)
and AdSd+1, we have used the matching relation in
Eq.(IV.36). One can observe that for the Ricci flat case,
TH is independent of ǫ, i.e., Hawking temperature is ir-
relevant to the detailed balance condition for the k = 0
case.
1. Finite temperature case
According to Eq.(IV.43), the extremal radius of the
charged black holes is achieved at a length scale where
the temperature is vanishing; thus, one can define a spe-
cific Q = Q(r⋆) by choosing a specific extremal horizon
radius r⋆,
Q2=
d r2d−2⋆
d− 2
[
d− 4
2d
k
ℓ2
r2⋆
(
1+k
ℓ2
2r2⋆
(1−ǫ2)
)
+
(
1+k
ℓ2
2r2⋆
)]


ǫ=0
=
d
d− 2r
2d−2
⋆
(
d− 4
2d
k
ℓ2
r2⋆
+ 1
)(
1 + k
ℓ2
2r2⋆
)
,
ǫ=1
=
d
d− 2r
2(d−1)
⋆
(
1 +
d− 2
d
k
ℓ2
r2⋆
)
,
(IV.44)
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which means that assuming the charge parameter of the
topological charged black hole is a conversed physical
quantity, it can be defined by the horizon radius of its
extremal black hole.
By substituting the charge back into the temperature
in Eq.(IV.43), it can be expressed with r⋆,
T =
dr0
4πℓ2
[ 1 + k ℓ2
2r20
1 + k ℓ
2
2r20
(1− ǫ2) +
d− 4
2d
k
ℓ2
r20
− r
2(d−1)
⋆
r
2(d−1)
0
( 1 + k ℓ22r2⋆
1 + k ℓ
2
2r20
(1− ǫ2) +
d− 4
2d
k
ℓ2
r2⋆
1 + k ℓ
2
2r2⋆
(1 − ǫ2)
1 + k ℓ
2
2r20
(1− ǫ2)
)]


ǫ=0
=
dr0
4πℓ2
[
1 +
d− 4
2d
k
ℓ2
r20
− r
2(d−1)
⋆
r
2(d−1)
0
1 + k ℓ
2
2r2⋆
1 + k ℓ
2
2r20
(
1 +
d− 4
2d
k
ℓ2
r2⋆
)]
,
ǫ=1
=
dr0
4πℓ2
[
1 +
d− 2
d
k
ℓ2
r20
− r
2(d−1)
⋆
r
2(d−1)
0
(
1 + k
d− 2
d
ℓ2
r2⋆
)]
.
(IV.45)
It is easy to check that the temperature is vanishing
at the horizon radius of its extremal black hole, i.e.,
TH(r⋆) = 0. While for any horizon radius r0 ≥ r⋆, one
has TH(r0) ≥ 0. Especially, for r0 & r⋆, it corresponds
to a low but small finite temperature limit.
By substituting the new definition of the charge den-
sity of the topological black holes defined in Eq.(IV.44)
back into the redshift factor in Eq.(IV.42) assuming
r0 ' r⋆, namely, near the horizon of the extremal black
holes with finite temperature, g(r) with d ≥ 3 can be
re-expressed as
g(r)
d≥3
=
1− ǫ
√
1 + 1−ǫ
2
ǫ2
rd0
rd
[
1 + dd−2
r
2(d−1)
⋆
r
2(d−1)
0
h(r) + k ℓ
2
r20
(
1 + r
2(d−2)
⋆
r
2(d−2)
0
h(r)
)
+ k2 (1−ǫ
2)
4
ℓ4
r40
(
1 + d−4d−2
r
2(d−3)
⋆
r
2(d−3)
0
h(r)
)]
1− ǫ (IV.46)

ǫ=1
= 1− r
d
0
rd
[
1 +
d
d− 2
r
2(d−1)
⋆
r
2(d−1)
0
h(r) + k
ℓ2
r20
(
1 +
r
2(d−2)
⋆
r
2(d−2)
0
h(r)
)]
,
ǫ=0
= 1−
√√√√rd0
rd
[
1 +
d
d− 2
r
2(d−1)
⋆
r
2(d−1)
0
h(r) + k
ℓ2
r20
(
1 +
r
2(d−2)
⋆
r
2(d−2)
0
h(r)
)
+ k2
1
4
ℓ4
r40
(
1 +
d− 4
d− 2
r
2(d−3)
⋆
r
2(d−3)
0
h(r)
)]
,
(IV.47)
where h(r) ≡ 1− (r0/r)d−2. One can check that f(r0) =
0 through Eq.(IV.9).
By expanding the temperature defined in Eq.(IV.45)
around extremal horizon region r ≈ r⋆, one obtains the
finite temperature limit,
T
r0>r⋆=
r0 − r⋆
2πℓ22,k
+O(r0 − r⋆)2, (IV.48)
where r0 > r⋆, and we have defined a new length scale,
ℓ22,k ≡ ℓ22
1 + (1− ǫ2) kℓ22r2⋆
1 + (d−2)
2
d(d−1)
kℓ2
r2⋆
+ (1− ǫ2) (d−3)(d−4)d(d−1) k
2ℓ4
4r4⋆
, (IV.49)
or, equivalently,
ℓ2,k ≡ ℓ2
√√√√ 1 + (1 − ǫ2) kℓ22r2⋆
1 + (d−2)
2
d(d−1)
kℓ2
r2⋆
+ (1− ǫ2) (d−3)(d−4)d(d−1) k
2ℓ4
4r4⋆

ǫ=0
= ℓ2
√√√√ 1 + kℓ22r2⋆
1 + (d−2)
2
d(d−1)
kℓ2
r2⋆
+ (d−3)(d−4)d(d−1)
k2ℓ4
4r4⋆
,
ǫ=1
=
ℓ√
d(d − 1) + (d− 2)2 kℓ2r2⋆
,
(IV.50)
where
ℓ2 ≡ ℓ2,0 = ℓ√
d(d − 1) . (IV.51)
One can express r and u coordinates in terms of new
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parameters ηk and ζk,
r − r⋆ =
ℓ22,k
ηk
, r0 − r⋆ =
ℓ22,k
η0,k
,
u⋆ − u =
ℓ22,k
ℓ2
u2⋆
ζk
, u⋆ − u0 =
ℓ22,k
ℓ2
u2⋆
ζ0,k
, (IV.52)
where the new parameters are defined through
ηk ≡
ℓ22,k
r − r⋆ , ζk ≡
ℓ22,k
ℓ2
u2⋆
u⋆ − u ; (IV.53)
η0,k ≡
ℓ22,k
r0 − r⋆ , ζ0,k ≡
ℓ22,k
ℓ2
u2⋆
u⋆ − u0 . (IV.54)
As bulk geometry is approaching the extremal horizon
r0 → r⋆, the temperature in Eq.(IV.48) is approaching
zero,
T
r0→r⋆=
r0 − r⋆
2πℓ22,k
. (IV.55)
Through Eq.(IV.52), the temperature in Eq.(IV.48)
can be re-expressed as
T =
1
2πη0,k
, (IV.56)
and the gauge field in Eq.(IV.33) becomes
At(r)
r0>r⋆= (d− 2)µr − r0
r0
+O(r − r0)2(IV.57)
≈ (d− 2)µℓ
2
2,k
r0
(
1
ηk
− 1
η0,k
)
.
At near extremal horizon region,8 the redshift factor
becomes9
f(r)
r0>r⋆=
1
ℓ22,k
(r − r0)(r + r0 − 2r⋆)
=
ℓ22,k
η2k
(
1− η
2
k
η20,k
)
. (IV.59)
It is worthy of notice that the ǫ will not be present,
which means that detailed balance parameter in the UV
will not affect the near horizon behavior of the physics.
The absence of ǫ ∼ 0 in the UV is important for HL
gravity, since this leads HL gravity to flow to z = 3 fixed
point, which will be a renormalizable quantum gravity
theory in the UV limit at short distance.
The near extremal horizon metric of topological
charged black holes in HLd+1 gravity becomes,
ds2 =
ℓ22,k
η2k
[
−
(
1− η
2
k
η20,k
)
dt2+
(
1− η
2
k
η20,k
)−1
dη2k
]
+ r2⋆dΩ
2
d−1,k, (IV.60)
and the corresponding gauge field at the finite tempera-
ture limit (T 6= 0) is
At(ηk)=
ed,k
ηk
(
1− ηk
η0,k
)
, (IV.61)
where we have introduced a dimensionless effective IR
gauge coupling ed,k as defined below,
ed,k ≡ (d− 2)µ
ℓ22,k
r0
. (IV.62)
2. Zero temperature case
For the topological charged black hole with zero tem-
perature at its extremal horizon, at r0 = r⋆, T = 0 as
has been shown in Eq.(IV.45).
By using Eq.(IV.44), the characterize length ℓF in
Eq.(IV.39) can be re-expressed as,
ℓF =
√
d(d− 1)√
2(d− 2) r⋆
√
1 +
d− 2
d
k
ℓ2
r2⋆
+
1− ǫ2
4
d− 4
d
k2
ℓ4
r4⋆
,
from which the extremal horizon radius can be expressed
as
r⋆ = ℓF
√
2(d− 2)2
d(d− 1) −
(
d− 2
d
k +
d− 4
d
k2
)
g2F .(IV.63)
The factor g(r) in Eqs.(IV.46) and (IV.47) becomes
g(r)
r=r⋆=
1− ǫ
√
1 + 1−ǫ
2
ǫ2
rd⋆
rd
[
1 + dd−2h(r) + k
ℓ2
r2⋆
(
1 + h(r)
)
+ (1−ǫ
2)
4 k
2 ℓ4
r4⋆
(
1 + d−4d−2h(r)
)]
1− ǫ , (IV.64)

ǫ=1
= 1− r
d
⋆
rd
[
1 +
d
d− 2h(r) + k
ℓ2
r2⋆
(
1 + h(r)
)]
,
ǫ=0
= 1−
√
rd⋆
rd
[
1 +
d
d− 2h(r) + k
ℓ2
r2⋆
(
1 + h(r)
)
+
1
4
k2
ℓ4
r4⋆
(
1 +
d− 4
d− 2h(r)
)]
,
(IV.65)
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with h(r) ≡ 1−(r⋆/r)d−2. The gauge field in Eq.(IV.33)
becomes
At(r) = µ
(
1− r
d−2
⋆
rd−2
)
. (IV.66)
At near extremal horizon radius, the gauge field in
Eq.(IV.57) becomes
At(r)
r0=r⋆= (d− 2)µr − r⋆
r⋆
+O(r − r⋆)2(IV.67)
≈ (d− 2)µℓ
2
2,k
r⋆
1
ηk
,
where in the last equality, we have used the new param-
eters defined in Eq.(IV.52).
The redshift factor in Eq.(IV.9) with g(r) in
Eq.(IV.64) becomes
f(r)
r0=r⋆=
1
ℓ22,k
(r − r⋆)2 =
ℓ22,k
η2k
. (IV.68)
Thus, the near extremal horizon metric of topological
charged black holes in HLd+1 gravity and corresponding
gauge field at zero temperature limit (T = 0) are
ds2 =
ℓ22,k
η2k
(−dt2 + dη2k) + r2⋆dΩ2d−1,k,
At(ηk) =
ed,k
ηk
, (IV.69)
where ed,k is defined as in Eq.(IV.62) except that r0 = r⋆
here,
ed,k ≡ (d− 2)µ
ℓ22,k
r⋆
. (IV.70)
Therefore, at very close to the extremal horizon, the
geometry of topological charged black holes becomes
AdS2 × Ωd−1,k with the curvature radius of AdS2 given
by ℓ2,k defined in Eq.(IV.50), which applies to the region
(r − r⋆) ≪ r [or (u⋆ − u) ≪ u⋆]. As r → r⋆, ηk → ∞,
the time direction shrinks to zero, and the spatial direc-
tion approaches a constant; the Maxwell field approaches
zero.
It implies that the boundary theory of the bulk gravity
at low energy in the IR limit at large distance flows to
a fixed point with AdS2 × Ωd−1,k symmetry. The AdS2
symmetry appears in the near extremal horizon region.
The AdS2 is isomorphic to a full SL(2, R) group, which
owns the scaling isometry:
(t, ηk)→ λ (t, ηk), xd−1,k → xd−1,k. (IV.71)
The long time limit just corresponds to the low frequency
limit, since ω is conjugate to t, while the residue (d− 1)-
dimensional hypersurface Ωd−1,k is scaling irrelevant.
For example, in (3+1)-dimensional momentum space-
time, we have
(ω, r − r⋆)→ 1
λ
(ω, r − r⋆), κ→ κ, (IV.72)
where the momentum in a Ricci flat brane(k = 0)
is κ = |~k|, with the corresponding spatial coordinate
boundary geometry given by R2, i.e., Eq.(III.5), while
for those in a sphere(k = 1) or hyperbolic(k = −1) hy-
persurface are κl = l,−(l+1), where l ∈ Z, with the cor-
responding spatial coordinate boundary geometry given
by Eqs.(III.3) and (III.4), respectively.
Therefore, in the low frequency limit, the d-
dimensional boundary theory with finite charge density
should be described by an IR CFT1, which is a conformal
symmetry only in the time direction(of course, one has
take a notice that the spatial direction still has impor-
tant physical consequence along the transverse sector),
i.e., a (0+1)-dimensional conformal quantum mechanics,
including the scale invariance along the time direction.
This IR CFT 1 is a new conformal symmetry due to col-
lective behavior of a large number of degrees of charged
excitation; thus, it is distinguished from the UV CFTd
in the asymptotic infinite boundary, which is broken by
the finite charge density.
C. Topological charged black branes and effective
IR gauge couplings
For the Ricci flat case with k = 0, the mass parameter
in Eq.(IV.41) becomes
2M
k=0
= rd0 +
Q2
rd−20
, (IV.73)
and Eq.(IV.42) becomes
g(r)
d≥3≡
1− ǫ
√
1 + 1−ǫ
2
ǫ2
[
rd0
rd
(
1 + Q
2
r2d−20
)
− Q2
r2d−2
]
1− ǫ

ǫ=1
= 1− r
d
0
rd
− Q
2
rd
(
1
rd−20
− 1
rd−2
)
,
ǫ=0
= 1−
√
rd0
rd
+
Q2
rd
(
1
rd−20
− 1
rd−2
)
,
(IV.74)
from which it is obvious that r0 is the horizon radius de-
termined by g(r0) = 0, since f(r0) = Hˆ
−2(r0/ℓ)
2g(r0) =
0.
In this case, the temperature in Eq.(IV.43) becomes
T
k=0
=
dr0
4πℓ2
(
1− d− 2
d
Q2
r2d−20
)
, (IV.75)
where the charge of the black hole, according to
Eq.(IV.44), can be measured by the its extremal hori-
zon radius r⋆, e.g., for the k = 0 case,
Q =
√
d
d− 2r
d−1
⋆ , (IV.76)
where [Q] = [Ld−1] is consistent with Eq.(IV.36). Alter-
natively, this is equivalently that the extremal radius of
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horizon is defined by the charge of black brane, e.g., for
k = 0 case,
r
2(d−1)
⋆ ≡ d− 2
d
Q2, ⇒ u2(d−1)⋆ k=0≡ dℓ
4(d−1)
d− 2 Q
−2,(IV.77)
where we have introduced the conformal coordinate u⋆ ≡
ℓ2/r⋆. From Eq.(IV.77), we have that
r⋆ = r
min
0 ≤ r0, ⇔ u⋆ = umax0 ≥ u0, (IV.78)
where u0 is the horizon radius and u⋆ is the extremal
horizon radius. Thus the singularity at r⋆ is covered by
the horizon radius r0. In this case, the temperature in
Eq.(IV.45) becomes10
T =


dr0
4πℓ2
(
1− r
2(d−1)
⋆
r
2(d−1)
0
)
, r0 ≥ r⋆;
d
4πu0
(
1− u
2(d−1)
0
u
2(d−1)
⋆
)
, u0 ≤ u⋆.
(IV.79)
By using Eqs.(IV.73) and (IV.76) the mass of the black
holes becomes
2(d− 1)
d− 2 r
d
⋆ ≤ 2M = rd0
(
1 +
d
d− 2
r
2(d−1)
⋆
r
2(d−1)
0
)
≤ 2(d− 1)
d− 2 r
d
0 .
The lower bound of the mass just corresponds to the zero
temperature case when r0 = r⋆.
For the Ricci flat case with k = 0, by using Eq.(IV.76),
the charged black brane in Eq.(IV.74) can be re-
expressed as
g(r)
d≥3≡
[
1− ǫ
√
1 + 1−ǫ
2
ǫ2
[
rd0
rd
+ dd−2
rd⋆
rd
(
rd−2⋆
rd−20
− rd−2⋆
rd−2
)]]
1− ǫ

ǫ=1
= 1− r
d
0
rd
− d
d− 2
rd⋆
rd
(
rd−2⋆
rd−20
− r
d−2
⋆
rd−2
)
,
ǫ=0
= 1−
√
rd0
rd
+
d
d− 2
rd⋆
rd
(
rd−2⋆
rd−20
− r
d−2
⋆
rd−2
)
.
(IV.80)
It also worthy of noticing that g(r0) = 0 is still true.
At the finite temperature case, the finite new coordi-
nates defined in Eqs.(IV.53) and (IV.54) become
η ≡ ℓ
2
2
r − r⋆ , ζ ≡
ℓ22
ℓ2
u2⋆
u⋆ − u ; (IV.81)
η0 ≡ ℓ
2
2
r0 − r⋆ , ζ0 ≡
ℓ22
ℓ2
u2⋆
u⋆ − u0 , (IV.82)
10 For briefness, we will just neglect the expression for results on
f(u),At(u), etc. in the conformal coordinate u, which can be
obtained by making the changes such as r0/r → u/u0 and
r⋆/r → u/u⋆.
where ℓ2 is defined in Eq.(IV.51). The metric near the
horizon in Eq.(IV.60) becomes a black brane in AdS2 ×
R
d−1,
ds2=
ℓ22
η2
[
−
(
1− η
2
η20
)
dt2+
(
1− η
2
η20
)−1
dη2
]
+
r2⋆
ℓ2
dx2d−1,(IV.83)
where dΩ2d−1,0 ≡ dx2d−1/ℓ2 is used. The gauge field near
the horizon in Eq.(IV.61) is expressed as
At(η) =
ed,0
η
(
1− η
η0
)
, (IV.84)
where ed,0 is given by Eq.(IV.62),
ed,0 = (d− 2)µℓ
2
2
r0
. (IV.85)
The temperature(with respect to t) near the horizon in
Eq.(IV.56) becomes
T =
1
2πη0
. (IV.86)
It implies that at finite charge density, the bulk geome-
try near horizon boundary becomes AdS2 × Rd−1. The
scale invariance of the AdS2 implies that at low ener-
gies the corresponding dynamics on the boundary will
be controlled by a (0 + 1)-dimensional CFT.
Let us consider the zero temperature case with T = 0
at the extremal horizon of charged black holes, where
r0 = r⋆(or in conformal coordinates u0 = u⋆). In this
case g(r) in Eq.(IV.80) can be re-expressed as
g(r)
d≥3≡
1− ǫ
√
1 + 1−ǫ
2
ǫ2
(
2(d−1)
d−2
rd⋆
rd − dd−2 r
2d−2
⋆
r2d−2
)
1− ǫ ,

ǫ=1
= 1− 2(d− 1)
d− 2
rd⋆
rd
+
d
d− 2
r2d−2⋆
r2d−2
,
ǫ=0
= 1−
√
2(d− 1)
d− 2
rd⋆
rd
− d
d− 2
r2d−2⋆
r2d−2
.
(IV.87)
In the near extremal horizon limit r0 → r⋆(or u0 → u⋆,
ζ0 →∞), Eq.(IV.82) becomes
η0 →∞, (IV.88)
which stands for the zero temperature limit, since by
definition the temperature in Eq.(IV.86) becomes
T
η0→∞
= 0. (IV.89)
In the zero temperature limit, the metric in Eq.(IV.83)
reduces to the T = 0 case,
ds2 =
ℓ22
η2
(− dt2 + dη2)+ r2⋆
ℓ2
dx2, (IV.90)
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with the corresponding gauge field in Eq.(IV.84) becom-
ing
At(η) =
ed
η
, (IV.91)
where ed is given by Eq.(IV.62) at extremal horizon ra-
dius, or the extremal limit case of Eq.(IV.85)
ed = lim
r0→r⋆
ed,0 = (d− 2)µℓ
2
2
r⋆
. (IV.92)
At extremal horizon of black holes with r0 = r⋆,
Eq.(IV.63) becomes
r⋆ =
√
2(d− 2)√
d(d− 1)ℓF , u⋆ ≡
ℓ2
r⋆
=
√
d(d− 1)√
2(d− 2) gF ℓ.(IV.93)
The u⋆ corresponds to a single scale, which is propor-
tional to the effective dimensionless gauge coupling gF .
The scale is increasing with the relative strength of the
electromagnetic forces with respect to that of the gravi-
tational force.
By using Eq.(IV.93), the effective dimensionless IR
gauge coupling defined in Eq.(IV.62) becomes,
ed = µℓ2
gF√
2
. (IV.94)
which implies that the chemical potential µ can be de-
fined in terms of effective dimensionless IR gauge cou-
plings ed and effective dimensionless UV gauge coupling
gF at Ricci flat case, i.e., µ ≡
√
2ed/(gF ℓ2). Therefore, µ
is defined inverse proportional to the UV gauge couplings
gF . Consequently, the chemical potential is measured by
the relative strength of the gravitational forces and elec-
tromagnetic forces at UV, which is obvious by observing
Eq.(IV.27).
V. THERMODYNAMICS OF TOPOLOGICAL
CHARGED BLACK HOLES IN GENERALIZED
HORˇAVA-LIFSHITZ GRAVITY
In the section, we would like to explore the thermo-
dynamics of the topological charged black hole solutions
in generalized HLd+1 gravity, by using the Hamiltonian
approach as those used in dimensional continued gravity
in [19],[20]. The thermodynamics of topological neu-
tral black holes in HL gravity with generic λ has been
explored by using the canonical Hamiltonian formula-
tion [26].
A. Euclidean action and partition function
The partition function for a thermodynamical ensem-
ble is identified with the Euclidean path integral in the
saddle point approximation around Euclidean continua-
tion of the classical solution11. Consider the Euclidean
continuation of the action of topological black holes for
general λ in Hamiltonian from S → −SE ,
SE =
∫
dtd3x
(
πij g˙ij −NH−N iHi
)
+ SEB, (V.1)
where SEB is a boundary term. N andNi are lapse func-
tion and shift variable respectively. For the metric ansatz
in Eq.(III.1), we have lapse function N2 = N˜(r)2f(r).
On one hand, the shift variable Ni = 0, on the other
hand, we do not need to give the explicit form of the
momentum Hi and conjugate πij of g˙ij since we are con-
sidering static black holes case with πij = 0. Then the
Euclidean action is reduced to be
SE = −
∫
dtd3xNH + SEB
= −
∫
dt
∫ ∞
r+
drN˜ (r)H(r) + SEB
= −β
∫ ∞
r+
drN˜ (r)H(r) + SEB, (V.2)
where for d = 3 case with ǫ = 0, according to
Eq.(III.145), or Eq.(III.127), H(r) is given by
H(r) = Ω2,kc
3
16πGN
1
ΛW
(
2λ− 1
r2
F (r)2 − 2λ
r
F (r)F ′(r)
+
λ− 1
2
F ′(r)2
)
. (V.3)
β =
∫ T
0 dt is the period of Euclidean time and r+ is the
radius of the black hole horizon defined by the largest
root of f(r+) = 0. The Euclidean black holes are static
and satisfy the constraint H(r) = 0; thus, the Euclidean
action is just the boundary term SEB. In the canoni-
cal ensemble, the temperature should be kept fixed un-
der the variation of the action. By doing variation of
the Euclidean action, one finds that the variation of the
boundary term is given by the total derivative term after
11 After Wick-rotating to the imaginary time t → τ = it, one has
the consequence relations as below
g˙ij → i g˙ij , Nj → i Nj , Kij → iKij , K → −K.
Then the action in Eq.(A.1) becomes S(dt, dx) → iSE(dτ, dx),
from which one obtains the Euclidean action of HL gravity, then
the partition function becomes Z ∼ exp (−SE). Therefore, in
the imaginary time, the Euclidean action SE has to be real.
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the variation12,
δSEB=δSEB|∞r+
=βδ[
∫ ∞
r+
drN˜ (r)H(r)] = β
∫ ∞
r+
drN˜ (r)δH(r),
=β
Ω2,kc
3
16πGN
1
ΛW
∫ ∞
r+
drN˜ (r)
(
2
2λ− 1
r2
FδF
− 2λ
r
F ′δF − 2λ
r
FδF ′ + (λ − 1)F ′δF ′
)
,
=β
Ω2,kc
3
16πGN
1
ΛW
∫ ∞
r+
dr
[(
2λ
r
F − (λ − 1)F ′
)
N˜ ′(r)
+(λ− 1)
(
2
r2
F − F ′′
)
N˜(r)
]
δF + β
Ω2,kc
3
16πGN
1
ΛW
×
(
− 2λ
r
N˜(r)FδF + (λ− 1)N˜(r)F ′δF
)∞
r+
. (V.4)
The equations in the first integral of the last identity is
just one of the equations of motion related F (R) and
N˜(R), thus is zero before the integral. Therefore, we
obtain the variation of the boundary term
δSEB = β
Ω2,kc
3
16πGN
1
ΛW
(
− 2λ
r
N˜(r)FδF
+ (λ− 1)N˜(r)F ′δF
)∞
r+
. (V.5)
To obtain equations of motion, we need not to know
the explicit form of δF or δN˜ . But to calculate the
boundary term, we will need the explicit forms of the
solutions, which have been obtained in Eq.(III.131) and
Eq.(III.132). The thermodynamics of topological neutral
black hole solutions in HL gravity with generic λ have
been explored in Ref. [26].
B. Thermodynamics of the topological charged
black holes
In the following, we will mainly focus on the ther-
modynamics of (3 + 1)-dimensional topological charged
black holes in generalized HL gravity with λ = 1. More
generically, let us consider the case with ǫ2 6= 0 case.
According to Eq.(III.145) and Eq.(III.149), the action
of the full Lagrangian of the HL gravity at d = 3 with
λ = 1 can be written as
Sǫ =
∫
dtLǫ =
Ω2,kc
3
16πGN
∫
dt
∫
drN˜ (r)U3(r, 1) + SB,
U3(r, 1) =
1
ΛW
(
ǫ2[F (r) + ΛW r
2]2 − F (r)2
r
)′
. (V.6)
where α−1 = c3/(16πGN ) and SB is a surface term,
which must be chosen so that the action has an ex-
tremum under variations of the fields with appropriate
boundary conditions. One demands that the fields ap-
proach the classical solutions at infinity. Varying the
action, one finds,
δSB=−(t2−t1)N0δM, SB=−(t2−t1)N0M + S0, (V.7)
where the boundary term SB is the conserved charged
associated action to the improper gauge transformations
produced by time evolution. Here M and N0 are a con-
jugate pair, thus, when one varies M , N0 must be fixed.
Therefore, the boundary term should be in the form of
an integral as above, where S0 is an arbitrary constant
fixed by some physical degree of freedom [19], i.e., the
black holes mass vanishes when black holes horizon goes
to zero. For the above action in HL gravity, one identify
N˜(r) = N0 = 1, U3(r, 1) = ∂rc0, (V.8)
where N0 could be normalized to be one due to the ar-
bitrariness of N˜(r), i.e., it can be absorbed by rescaling
time coordinate. c0 is an integration constant, which can
be expressed in terms of black holes horizon radius r+
via f(r+) = 0.
For topological charged black holes, the corresponding
redshift factors are
f(r)=k− ΛW
1−ǫ2 r
2−
√
−ΛW (1− ǫ2)
(
c0r− q
2
0
2
)
+ǫ2Λ2W r
4
1−ǫ2

ǫ=0
= k − ΛW r2 −
√
−ΛW
(
c0r − q
2
0
2
)
,
ǫ=1
= k − ΛW
2
r2 − c0
2r
+
q20
4r2
,
(V.9)
from which the constant c0 can be expressed in terms of
black holes horizon radius r+ via f(r+) = 0,
c0 =
ǫ2k2 − (k − r2+ΛW )2
r+ΛW
+
q20
2r+

ǫ=0
= − (k − r
2
+ΛW )
2
r+ΛW
+
q20
2r+
,
ǫ=1
= 2kr+ − Λ2W r3+ +
q20
2r+
.
(V.10)
When ǫ = 1, the situation reduces to be the case of
topological AdS4 Schwazschild black holes.
1. Mass
For topological charged black holes in generalized
HLd+1 gravity, according to the Hamiltonian approach
similar to Eq.(V.8), one obtain Ud(r, 1) = ∂rc0, where
Ud(r, λ) is given in Eq.(III.145) and F (r) with λ = 1
given by Eq.(III.159). We get the mass of the black
holes in (d+ 1) dimensions
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M =
Ωd−1,kc
3
16πGN
1
(d− 2)ΛW
∫
dr∂rc0 =
Ωd−1,kc
3
16πGN
1
(d− 2)ΛW c0
=
Ωd−1,kc
3
16πGN
1
(d− 2)ΛW
rd−4+ (d− 2)
[
[(d− 1)(d− 2)k − 2ΛW r2+]2 − (d− 1)2(d− 2)2k2ǫ2
]
+ 2r2−d+ q
2
0
(d− 1)2(d− 2)3 .(V.11)
In (3 + 1) dimensions, one has
M
d=3
=
Ω2,kc
3
16πGN
1
ΛW
(k − ΛW r2+)2 − ǫ2k2 + q20/2
r+

ǫ=1
=
Ω2,kc
3
16πGN
1
ΛW
−ΛW r2+(2k − ΛW r2+) + q20/2
r+
,
ǫ=0
=
Ω2,kc
3
16πGN
1
ΛW
(k − ΛW r2+)2 + q20/2
r+
,
(V.12)
where the black hole mass is always positive. The topo-
logical black hole obtain its minimal masses at
rm=


√√
2
√
3q20 + k
2 (8− 6ǫ2)− 2k
−6ΛW , k ≥ 0,√
−2k −√2
√
3q20 + k
2 (8− 6ǫ2)
−6ΛW . k < 0.
For ǫ = 0, neutral black holes (q0 = 0), one can obtain
its minimal masses 13
Mmin=


Ω2,kc
3
16πGN
1
ΛW
16k2
9r+
, r+ =
√
− k
3ΛW
; k > 0,
0, r+ =
√
k
ΛW
. k ≤ 0.
(V.13)
Considering that ΛW < 0, the first kind of minimum is
achieved for the case of k = 1 or k = 0, while the second
kind of minimum is achieved for the case of k = −1,
Mk=1min1 =
Ω2,1c
3
9πGNΛW r+
, c0 =
16
9
, r+ =
ℓ√
6
;
Mk=0min1 = 0, c0 = 0, r+ = 0; (V.14)
Mk=−1min2 = 0, c0 = 0, r+ =
ℓ√
2
.
The minimum means that for k = 1, the AdS
Schwartzschild black hole has an minimum mass; for
k = 0, the masses of the black branes and their hori-
zons are both vanishing, thus, there are no black branes;
for k = −1, the mass of the black holes are zero but the
horizon are nonvanishing, Therefore, there exist mass-
less black holes in AdS hyperbolic space, with minimal
13 Note: M ′′ = κ2(k2 + 3r4Λ2W )Ωk/(8r
3κ4W ) > 0.
horizons at r+ = 1/
√−ΛW for the topological neutral
black holes HL gravity with λ = 1.
For ǫ = 1, the topological black hole solutions to
HL gravity reduce to be the IR relevant ones with La-
grangian L0 in Eq.(III.118) with redshift factor as shown
above and reduce to be the Einstein’s GR solutions in
Eq.(III.121) by setting q0 = 0. The positive of the black
holes masses require that
r+ ≥
√
k
ΛW
(
1±
√
1− q
2
0
2k2
)
. (V.15)
For k = 1 or k = 0, this is always true, since ΛW < 0;
for k = −1 case, this implies that
k = 0, 1 : r+ ≥ 0; (V.16)
k = −1 : r+ ≥
√
1 +
√
1− q20/2
−ΛW
q0=0
=
√
− 2
ΛW
.
According to the equations above, the mass of the
topological black hole in Einstein general relativity be-
comes
M
ǫ=1
=
Ω2,kc
3
16πGN
(
r+(r
2
+ΛW − 2k) +
q20
2ΛW r+
)
(V.17)
from which one can obtain the minimal mass for neutral
black hole14
M =
Ω2,kc
3
16πGN
(
− 4
3
k
)
r+, r+ =
√
2k
3ΛW
. (V.18)
For k = 1 case, the minimal mass becomes15
Mk=1min
q0 6=0
=
Ω2,kc
3
16πGN
2
3ΛW
1
r+
[√
2
3
(√
2
3
+ q20 −
√
2
3
)
+ q20
]
,
r+ =
√
−
√
1 + 3q20/2− 1
3ΛW
;
Mk=1min
q0=0
= 0, r+ = 0; (V.19)
14 Note: M ′′ = 3r+κ2Λ2WΩk/(8κ
4
W ) > 0, note also that r+ = 0 is
not a local minimal point since M ′′ = 0.
15 Note: For k = 1 case, M is an monotonically increasing func-
tions, since M ′ = κ2Ωk(−ΛW )(2 − 3ΛW r2+)/(16κ4W ) > 0.
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which violates the positive mass theorem, but the square
of the mass are still positive (Mk=1min )
2 = − 49ΛW > 0. For
k = 0 case, the minimal mass becomes
Mk=0min
q0 6=0
=
Ω2,kc
3
16πGN
2
3ΛW
q20
r+
, r+ =
1
61/4
√
− q0
ΛW
;
Mk=0min
q0=0
= 0, r+ = 0; (V.20)
which means this is no black hole. For k = −1 case, the
minimal mass becomes
Mk=−1min ≥ max
[
0,
Ω2,kc
3
16πGN
2
3ΛW
1
r+
(
q20 +
2
3
×
(√
1 +
3
2
q20 − 1
))]
= 0, r+ ≥
√
−
√
1 + 3q20/2 + 1
3ΛW
;
Mk=−1min
q0=0
= 0, r+ ≥
√
− 2
3ΛW
; (V.21)
which corresponds to the AdS4 black hole with minimum
mass and nonvanishing horizon.
2. Temperature
For generic solution of topological neutral black holes
in HL gravity with arbitrary λ in Eq.(III.1) with
Eq.(III.137), one can obtain the temperature by impos-
ing periodic boundary conditions to diminish the conical
singularity at horizon of the Euclidean black hole solu-
tions, e.g, one can set the time period β as below 16
β(N˜(r)f ′(r))|r=r+ = 4π, (V.23)
which gives the temperature of the black holes
T ≡ 1
β
=
N˜(r)f ′(r)
4π
|r+
=
CF
4πr
2λ±
+
[(−ΛW )r2+(2− λ±)− kλ±]. (V.24)
In the limit λ → 1, by using the L’Hospital rule, we
have λ+ → ±∞ and λ− → 1/2, the temperature of the
negative branches are
T =
CF
8πr+
[3(−ΛW )r2 − k], (V.25)
which just reduce to the topological neutral black hole
solutions in HL gravity with λ = 1 when CF = 1.
Similarly, the Hawking temperature of the topological
charged black holes in (d + 1)-dimensional HL gravity
with λ = 1 can be obtained by directly calculating the
surface gravity κ0 at the horizon, according to the metric
in Eq.(III.1) with N˜(r) = 1 and redshift factor f(r) given
in Eq.(III.160),
T =
[(d− 1)(d− 2)k − 2ΛW r2+][(d− 1)(d− 2)(d− 4)k − 2dΛW r2+]− (d− 1)2(d− 2)2(d− 4)k2ǫ2 − 2r6−2d+ q20
8(d− 1)(d− 2)πr+[(d− 1)(d− 2)k − 2ΛW r2+ − (d− 1)(d− 2)kǫ2]
.(V.26)
For (3 + 1) dimensions, one has
T =
3Λ2W r
4
+ + 2k(−ΛW )r2+ − (1 − ǫ2)k2 − q20/2
8πr+[(−ΛW )r2+ + (1− ǫ2)k]

ǫ=1
=
2k − 3ΛW r2+ + q20/(2ΛW r2+)
8πr+
,
ǫ=0
=
−k − 3ΛW r2+ + q20/(2ΛW r2+ − 2k)
8πr+
,
where r+ is the largest root of the equation f(r) = 0.
Note that the cosmological constant ΛW is negative to
make the speed of light real. Since the appearance of the
electric charge, the extremal black holes with vanishing
temperature always exist within reasonable parameter
regime.
x2+=
√
2(4− 3ǫ2)k2 + 3q20
3
√
2
− k
3
q0=0
=
1
3
(
√
(4− 3ǫ2)|k| − k)

ǫ=1
=
√
2k2 + 3q20
3
√
2
− k
3
q0=0
=
1
3
(|k| − k),
ǫ=0
=
√
8k2 + 3q20
3
√
2
− k
3
q0=0
=
1
3
(2|k| − k),
(V.27)
where r2+ = −x2+/ΛW = x2+ℓ2/2. For neutral black
holes, the extremal solution T = 0 exists if and only
if k = 0 or k = +1, with r+ = 0 or r+ = 1/
√−3ΛW
respectively. In the extremal shown above, the Hawking
temperature vanishes, and it corresponds to an extremal
black hole.
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3. Entropy
In the following, we will obtain the black entropy by
using the first law of black hole thermodynamics with
assumption that the first law always keeps valid:
dM = TdS. (V.28)
By integrating the relation and by using the mass in
Eq.(V.11) and the temperature in Eq.(V.26) we have for
(d+ 1) dimensions case,
S =
∫
T−1
dM
dr+
dr+ + S0

d≥4
=
Ωd−1,kc
3
GN (d− 1)2(d− 2)2 r
d−1
+
(
1− k(1− ǫ2)×
(d− 2)(d− 1)2
2(d− 3)
1
ΛW r2+
)
+ S0,
d=4
=
Ω3,kc
3
36GN
r3+
(
1− k(1− ǫ2) 9
ΛW r2+
)
+ S0,
(V.29)
where we have used Eq.(IV.5). it is worthy of notice
that for d ≥ 4 case, the entropy has no logarithmic terms.
The curvature term is always proportional to r−2+ . While
in (3 + 1) dimensions, we have
S =
∫
T−1
dM
dr+
dr+ + S0
d=3
=
Ω2,kc
3
4GN
r2+
(
1− k 1− ǫ
2
ΛW r2+
ln r2+
)
+ S0. (V.30)
where S0 is an integration constant, which should be
fixed by physical degree of freedom. In conclusion, the
canonical Hamiltonian formulation allows us to define
the entropy that satisfies the first law of thermodynam-
ics. In general the integration constant S0 is calculated
by invoking the quantum theory of the gravity, thus, it
is not fixed at the moment, as a result, one cannot deter-
mine whether the black holes are thermodynamic stable
or not.
For the Ricci flat black branes with k = 0, the loga-
rithmic term is absent thus the entropy is proportional
to the horizon area. In this case, one can set S0 = 0,
and assuming that the black hole entropy vanishes when
horizon goes to zero. While for k 6= 0 case, S0 in nonva-
nishing. For example, for d = 3 case, by using Eq.(IV.5),
the entropy can be expressed as
S =
Ω2,kc
3
4GN
r2+
(
1− k (1− ǫ
2)
ΛW r2+
ln(r2+)
)
+ S0, (V.31)
where we have used that ΛW = −2/ℓ2, and S0 is chosen
to be
S0 ≡ −
(
c3
A02,k
4GN
)(
k
1− ǫ2
2
)
ln ℓ2. (V.32)
It is worth of noticing that the absolute value of entropy
is nonvanishing even at T = 0, i.e., independent of tem-
perature.
According to Eq.(V.29) and Eq.(V.31), the entropy
becomes
S
d≥4
=
Ad−1,kc
3
GN (d− 1)2(d− 2)2
(
1 + k(1− ǫ2) (d− 1)
2(d− 3)
A02,k
A2,k
)
,
d=3
=
A2,kc
3
4GN
(
1 + k(1− ǫ2) A
0
2,k
2A2,k
ln
A2,k
A02,k
)
, (V.33)
where Ad−1,k ≡ Ωd−1,krd−1+ are the boundary surface
area of the black holes, and A02,k ≡ Ω2,kℓ2. In the nature
unit c = 1, GN = 1, the leading term is just one quarter
of horizon area, i.e., A2,k/4, which originates from the
contribution of L0 by setting ǫ = 1. The second term is
a logarithmic term, where A02,k = Ω2,kℓ
2 is a constant of
dimension of length squared which are introduced to fix
the integration constant S0.
Basically speaking, S0 should be fixed by counting mi-
cro degrees of freedom in some QFT of gravity in the
UV. The logarithmic term of entropy often appears in
the quantum correction of black hole entropy. For the
topological black holes in the HL gravity, the logarith-
mic term disappears for the black branes with Ricci flat
horizon, which can be verified by setting k = 0,
SEH =
c3A
4GN
. (V.34)
In this case, the area formula of black hole entropy in
Einstein gravity is recovered in topological black holes
with flat 2-dimensional spatial hypersurface. While for
Ricci curved black holes, the logarithmic term will be
present, which can be verified by setting ǫ = 0.
S =
c3A
4GN
(
1 +
k
2
A0
A
ln
A
A0
)
, (V.35)
where the logarithmic term comes from the contribu-
tion of L1, which originates from the detailed balance
condition of HL gravity. While if the condition is com-
pletely violated, i.e, ǫ = 1, then the entropy reduces
to the well-know area formula again, since the effect of
higher derivative terms disappears.
Moreover, it is worthy of notice that the charge q0(r+)
does not appear explicitly in the expression of charged
topological black holes entropy in terms of horizon radius
r+, in other words, the entropy is not of a function of
q0 explicitly. This is due to the fact that black holes
entropy is a function of horizon geometry.
4. Heat capacity
To discuss the local stability of the black holes, one
need to calculate the heat capacity of the black holes.
The black holes are locally thermodynamically stable if
the heat capacity is always positive. While they are lo-
cally thermodynamically unstable if the heat capacity is
always negative.
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The capacity of a black hole is defined as
C =
dM
dT
=
dM
dr+
/
dT
dr+
. (V.36)
From which, by using Eq.(V.11) and Eq.(V.26), we ob-
tain the heat capacity of the topological charged/neutral
black in HL gravity with λ = 117,
C
ǫ=0
= −πκ
2Ωk
2κ4W
(
k + x2+
)2 (
2k2 + q20 − 4kx2+ − 6x4+
)(
k + 3x2+
) (
2k2 + q20 + 4kx
2
+ + 2x
4
+
)
q0=0
=
πκ2Ωk
2κ4W
3x2+ − k
3x2+ + k
(x2+ + k),
C
ǫ=1
=
πκ2Ωk
2κ4W
−q20 + 4kx2+ + 6x4+
3q20 − 4kx2+ + 6x4+
x2+
q0=0
=
πκ2Ωk
2κ4W
3x2+ + 2k
3x2+ − 2k
x2+, (V.38)
where we have used the notation that x+ ≡
√−ΛW r+.
5. Free energy
By studying the Euclidean action or the free energy,
SE = βF = βM − S, one can obtain the information on
the global stability of the black hole thermodynamics.
The free energy of the black holes F is given by
F = M − TS, (V.39)
which can be used to determine whether there exists the
Hawking-Page transition [18] associated with the black
holes in HL gravity with λ = 1 in (3 + 1) dimensions.
The global stability of black hole is determined by the
signature of free energy F , if F < 0, then the black hole is
globally thermodynamically stable. By using Eq.(V.12),
17 Note: In the following, we have kept the expression of κ2/κ4W ,
in order to observe the sign of the heat capacity and Free energy.
In (3 + 1) dimensions, by using Eq.(III.115), one has
κ2
κ4
W
=
c3
πGN
1
−ΛW
> 0. (V.37)
Eq.(V.27) and Eq.(V.31), we have
F =
κ2Ωk
32κ4W r+
(
2[(k − ΛW r2+)2 − ǫ2k2]
+
(k − ΛW r2+)(k + 3ΛW r2+)[2(1− ǫ2)k ln r+ − ΛW r2+]
(1− ǫ2)k − ΛW r2+
+
2(1− ǫ2)k(2 + ln r+)− 3ΛW r2+
2[(1− ǫ2)k − ΛW r2+]
q20
)
− TS0 (V.40)


ǫ=1
=
κ2Ωk
32κ4W r+
(
2k2−5kΛW r2+−Λ2W r4++2k(k + 3ΛW r2)
× ln r+ +
2k − 3ΛW r2+ + k ln r+
2(k − ΛW r2+)
q20
)
− TS0
ǫ=0
=
κ2Ωk
32κ4W r+
(
− ΛW r2+(2k + ΛW r2+) +
3
2
q20
)
− TS0,
Because S0 is undetermined, we cannot determine the
signature of the free energy. However if the term S0 is
vanishing, then the free energy is negative for large hori-
zon distance(r+ ≫ 1), implying that large black branes
in HL gravity are globally thermodynamically stable.
For the case ǫ = 0, q0 = 0, the result in HL just corre-
sponds to the free energy of black holes in the Einstein’s
general relativity. If one choose the S0 to be that de-
fined in Eq.(V.32), i.e., in this choice, the absolute value
of entropy will be zero for ǫ = 1 case as classical general
relativity at large distance. Then the corresponding free
energy of the black holes becomes
F


ǫ=0
=
κ2Ωk
32κ4W r+
[
2k2 + 10k
r2+
ℓ2
+ 4
r4+
ℓ4
+
k
2
(
k − 6r
2
+
ℓ2
)
× ln r
2
+
ℓ2
+
2k + 6(r+/ℓ)
2 + k ln (r+/ℓ)
2[k + 2(r+/ℓ)2]
q20
]
,
ǫ=1
=
κ2Ωk
32κ4W r+
[
4
r2+
ℓ2
(
k − r
2
+
ℓ2
)
+
3
2
q20
]
.
The phase transition of the topological charged black
holes in Horaˇva-Lifshitz gravity have been studied in
Refs. [43, 44].
VI. CONCLUSIONS
The traditional quantization of classical gravity theory
suffers the non-renormalizability problems in the ultravi-
olet (UV) high energy scale due to that the dimensionfull
garavitational coupling carries a negative mass dimen-
sions [GN ] = −2. As one of candidate UV complete
gravity theories, Horˇava-Lifshitz(HL) gravity solves the
problem from the aspect of scaling dimension of gravity
couplings for both kinetic and slef-interactions terms.
The theory treats time as a special dimension among
the whole space-time, which carries a critical scaling di-
mension index z 6= 1, indicating the deviation from the
scaling dimension of pure space dimension, namely, 1.
Consequently, the theory is nonrelativistic but renor-
malizable at ultra-high energy with fixed point z ≥ d
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in the (d + 1)-dimensional space-time, which can flow
through geometric Ricci flow equations with parameter
λ, to Einstein’s general relativity at large distance with
critical exponent z = 1.
In this paper, we have investigated the topological
black holes in the most general HLd+1 gravity with criti-
cal exponent z = d in ultra-high energy, which indicates
anisotropy between time and space at short distance,
while still assuming that the pure spatial space are still
homogeneous with the topology characterized by topo-
logical index, e.g., k = +1,−1, 0 indicating the sphere,
hyperbolic and plane hypersurface. We concentrated on
the topological charged black holes in z = d HLd+1 grav-
ity with Ricci flow parameter λ = 1, which just reduces
to be the Dirac-De Witt’s canonical gravity. Through
Hamiltonian approach, we have obtained the topological
charged black holes in z = d HLd+1, z = 5 HL6, z = 4
HL5, z = 3, 4 HL4, z = 2 HL3 gravity with parameter
λ = 1. The solutions reduce to be the RN AdS black
holes from classical nonrenormalizable Einstein-Maxwell
action in the IR limit at large distance with the detailed
balance violation parameter ǫ = 1(or Hˆ = 1 as defined
in Eq.(IV.9)). In particular, the metric of the corre-
sponding topological charged black holes in HL4 with
critical exponent z = 4, and those in HL3 with critical
exponent z = 2 for λ = 1 are also solved. With these
topological charged black holes, we have studied their
thermodynamic statistical quantities, including temper-
ature, entropy, heat capacity and free energy.
In addition, we have studied the asymptotic behavior
of the topological charged black holes in HL gravity on
infinite boundary, which gives the pure AdS geometry as
expected and thus the corresponding conformal symme-
try on the boundary. The near horizon behaviors of the
topological black holes in HL gravity are also studied,
especially at and near extremal horizon regions, which
just correspond to the zero temperature and finite tem-
perature limit. It has been found that in both zero and
finite temperature limit, the topological charged black
holes in HL gravity with d ≥ 3, just reduce to be, e.g.,
the AdS2×Rd−1 or AdS2×Sd−1 for Ricci flat case with
k = 0 or curved case with topological indexes k = 1,
respectively. As the physical consequences, scale invari-
ance is present on the boundary of HL gravity in the
scaling limit for both zero temperature and finite tem-
perature case. For the topological charged black holes in
HL3 with d = 2, the redshift factor of the metric tensor
and U(1) gauge field are given in Eq.(IV.11), which are
consistent with the basic results of (2 + 1)-dimensional
electromagnetic field theory. This case is more special,
due to the logarithmic divergence at singularity r = 0
point. In fact, HL3 gravity is special by itself, since
the spectral dimension of space-time in ultra-high en-
ergy at short distances is effectively ds = 2 [5], which
has been studied via causal dynamical triangulations ap-
proach [32].
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Appendix A: Theory Structure of Horˇava-Lifshitz
Gravity
1. Lagrangian formulation
In the ADM metric defined in Eq.(II.6), the generat-
ing function (or partition function in quantum statistics)
of the quantum gravity can be expressed in the path in-
tegral formalism,
Z =
∫
Dgij DNiDN exp
(
iS
)
, S = SK − SV . (A.1)
where S is the action of Horˇava-Lifshitz gravity, which
consists of the kinetic sector SK and the potential sector
SV .
a. Kinetic sector
The kinetic sector of the action is18
SK=
∫
dtddx
√
−gˆLK , (A.2)
LK= 1
2κ2
g˙ijG
ijkl g˙kl =
1
2κ2
[g˙ij g˙
ij − λ(g˙ijgij)2], (A.3)
where Gijkl is a generalization of Wheeler-De Witt met-
ric on spatial foliation with spatial diffeomorphism in-
variance,
Gijkl =
1
2
(gikgjl + gilgjk)− λ gijgkl. (A.4)
λ is a free parameter, representing a dynamical di-
mensionless coupling constant, and it is susceptible to
quantum corrections. In the relativistic theory, the full
18 For the briefness, we will use
√
g to stands for
√
det gij in the
following hence and forth.
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space-time diffeomorphism invariance fixes the value of
λ = 1 to restore Einstein’s general relativity at large dis-
tance19. Consequently, λ is a coupling constant, which
characterizes the deviation from general relativity(GR)
in the IR. The ordinary derivative can be generalized
to be general covariant derivatives and the time deriva-
tive of the metric is replaced by g˙ij → (g˙ij − ∇iNj −
∇jNi)/N = 2Kij , which transforms covariantly under
foliation-preserving diffeomorphisms. Together with the
general covariant volume elements
√−gˆ =√det gijN =√|gij |N ≡ √gN , the kinetic sector of the action be-
comes
SK =
∫
dtddx
√
gNLK , (A.5)
LK = 2
κ2
KijG
ijklKkl =
2
κ2
(KijK
ij − λK2),
whereK ≡ gijKij is the trace ofKij , Kij = gikgjlKkl, κ
and λ are two couplings constants. Considering the scal-
ing relations in Eq.(II.10) that [
√
gN ] = 0, the dimension
of the volume [dtddx] = −z−d, and [Kij ] = [K] = z, one
obtains the scaling dimension of the couplings constants
at the fixed point,
[κ] =
z − d
2
, [λ] = 0, (A.6)
since [κ2] = [dtddxK2] = z − d and [λK2] = [KijKij ] =
2z. Note that the couplings κ will be dimensionless in
(d + 1) space-time if z = d, while the coupling λ is al-
ways dimensionless, reflecting the fact that KijK
ij and
K2 are separately spatial invariant under foliation dif-
fermorphism invariant.
In the UV energy scale, the renormalizability of HL
gravity is completed determined by the dimensions of
the couplings κ as shown in Eq.(A.6), if
[κ] =
z − d
2
≥ 0. (A.7)
The theory will be power-counting renormalizable when
z = d and super-renormalizable when z > d.
b. Potential sector
The potential sector of the action is
SV =
∫
dtddx
√
gNV [g], (A.8)
where V [g] is the potential of the Lagrangian density,
which is a function of metric gij and is independent of
its time derivative(so that it respects time-independent
19 Note:There are still difference between HL gravity and Einstein
gravity at short distance, especially at near horizon region.
spatial diffeomorphisms). The volume elements
√−gˆ =√
det gijN is incorporated to make the action general
covariant.
One will first focus on the highest dimension term,
which will be dominant at the short distance and deter-
mine the high energy behavior of the theory. Then one
should consider all possible relevant terms of lower di-
mension in potential, which are induced in the infrared
via RG flow from the UV fixed point. Considering the
scaling dimensions of the coordinates given in Eq.(II.4)
and since that Rij ∼ ∂iΓkjk−∂i∂jg, one obtains the scal-
ing dimension of the Riemann tensor Rij and scalar R,
which are always defined in terms of the metric gij on
the d-dimensional leaves of the space-time foliation,
[R] = [Rij ] = [R
j
i kl] = 2. (A.9)
The potential sector of the theory can be great simpli-
fied by imposing the detailed balance condition, which
requires that the potential action to be of a special form
SV =
∫
dtddx
√
gNV [g], (A.10)
V [g] = κ
2
8
EijGijklEkl = κ
2
8
(EijEij − λ˜E2),
where Gijkl denotes the inverse of the generalized
Wheeler-De Witt metric in Eq.(A.4), satisfying
Gijkl = 1
2
(gikgjl + gilgjk)− λ˜gijgkl, λ˜ = λ
dλ− 1 ,
GijmnGmnkl = 1
2
(δki δ
l
j + δ
l
iδ
k
j ). (A.11)
It is obvious that the scaling dimension of the inverse
metric is [Gijkl ] = 0. it is worthy of notice that when
λ = 1 in (3 + 1)-dimensional space-time, the generalized
metric just reduce to be the original Wheeler-De Witt
metric, GWDijkl = (gikgjl+ gilgjk−λgijgkl)/2. The expres-
sion in Eq.(A.12), is called the detailed balance condi-
tion, which connects a d-dimensional relativistic theory
described by the action W to a (d+ 1)-dimensional the-
ory described by the action SK − SV .
Eij has to be obtained from a variation of some spatial
isotropic potential W [gij ], i.e., the Euclidean action of a
relativistic theory in d-dimensional space with respect to
the metric gij ,
Eij ≡ 1√
g
δW [g]
δgij
, (A.12)
with its trace E ≡ Eijgij . According to Eq.(A.12), we
obtain
Eij ≡ 1√
g
δ(
√
gL)
δgij
=
δL
δgij
+
1
2
gijL, (A.13)
Eij ≡ 1√
g
δ(
√
gL)
δgij
=
δL
δgij
− 1
2
gijL. (A.14)
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Since on one hand, gijg
jk = δkj , thus, δ(gijg
jk) = 0,
which gives δgij = −gikgjlδgkl and δgij = −gikgjlδgkl.
On the other hand, ln g = ln det gij = Tr ln gij , by do-
ing variation with respect to δgij , which gives δ ln g =
g−1δg = Tr[gijδgij ], thus, δg = gg
ijδgij = −ggijδgij .
c. The full action and Ricci flow equation
The full action of the theory becomes
S=
1
2
∫
dtddx
√
gN
(
2
κ
Kij − κ
2
GijmnEmn
)
×Gijkl
(
2
κ
Kkl − κ
2
GklpqEpq
)
=
∫
dtddx
√
gNL,
L≡LK − V [g] = 2
κ2
KijG
ijklKkl − κ
2
8
EijGijklEkl. (A.15)
Note that the second equality is true since the mix-
ing term between kij and Eij turns out to be a to-
tal derivatives in the bulk space-time. This can be
seen as follows: by using the normalization condition
GijklGklpq = (δipδjq + δiqδjp)/2, the definition of Kij in
Eq.(II.9) and Eij in Eq.(A.12), we have the cross mixing
term of kinetic and potential action, which are a sum of
total derivatives,
Smix=−
∫
dtddx
√
gNKijG
ijklGklpqEpq
=−
∫
dtddx
√
gNKijE
ij
=−1
2
∫
dtddx(g˙ij − 2∇(iNj))
δW
δgij
=−1
2
∫
dtddx
[
∂tW−2∂i
(
Nj
δW
δgij
)
+2Nj
√
g∇iEij
]
,
where the last term will be absent by using the Bianchi
identity ∇iEij = 0 for Eq.(III.107) or Eq.(III.109), with
Eij formally defined in (A.12). Note that we have used
∇iNj δW
δgij
= ∇i
(
Nj
δW
δgij
)
−Nj∇i
(
δW
δgij
)
= ∂i
(
Nj
δW
δgij
)
−Nj√g∇i
(
1√
g
δW
δgij
)
,
since Γjij = (∂i
√
g)/
√
g, and ∇iV i = ∂i(√gV i)/√g.
The advantage to write the expression in Eq.(A.15)
is that, one can rewrite it as an Gaussian integral∫ DBijDgij DNiDN exp{iS} by introducing an auxil-
iary field, i.e., Bij , so that we have a new action
S =
1
2
∫
dt
∫
ddx
√
gN
[
− 1
2
BijGijklBkl
+
(
2
κ
Kij − κ
2
GijklEkl
)
Bij
]
, (A.16)
The action with all terms are at least linear in the auxil-
iary field Bij and with the linear term proportional to a
gradient flow equation, one can deduce that the scaling
dimension of the auxiliary field as
[Bij ] =
z + d
2
. (A.17)
By making a translation of Bij , we can obtain the clas-
sical evolution equation of the gravity for gij ,
Kij − κ
2
4
GijklEkl = 0, Ekl ≡ 1√
g
δW [g]
δgkl
, (A.18)
or more explicitly
Kij =
κ2
4
(Eij − λ˜gijE), (A.19)
with [Kij ] = z, and [Eij ] = d. It means that the extrinsic
curvature of the hypersurface of a (d + 1)-dimensional
bulk theory is determined by the gradient of a spatial
isotropic potential in a d-dimensional space.
In addition, by using Eq.(II.9), one can express it as
an more explicit dynamical equation on the metric gij ,
g˙ij = ∇iNj +∇jNi +N κ
2
2
(Eij − λ˜gijE), (A.20)
which is a EOM with first order in time derivative and z
in spatial derivative. It is clear that the evolution of gij is
governed by a gradient flow δW/δgij on the spatial folia-
tions, and some gauge transformations represented byNi
and N . If the action of a theory is associated with a gra-
dient flow generated by some time-independent potential
W [gij(x)], we say that the theory satisfies the detailed
balance condition. the detailed balance condition guar-
antee that the theory with action in (d + 1)-dimension
can inherit the renormalization properties from the the-
ory with potential W in d-dimensions in terms of quan-
tum inheritance principle [4]. Alternatively, the parti-
tion function of the d-dimensional theory described by
W yield a natural solution from the theory in (d + 1)
dimensions.
One important issue is to analyze under what condi-
tions the principle is valid in the HL gravity.
There is a simple static solution of the above equation
in (d+1) dimensions by choosing a popular gaugeN = 1,
Ni = 0 and taking gij = gij(x) to be equivalent to a d-
dimensional theory with action W, namely,
g˙ij = 0, (N = 1, Ni = 0) ⇔ δW
δgij
= 0.(A.21)
2. Hamiltonian formulation
From the full action in Eq.(A.15), the canonical mo-
mentum conjugate to the metric gij can be easily ob-
tained
πij ≡ δS
δg˙ij
=
2
κ2
√
gGijklKkl, (A.22)
⇒ Kij = κ
2
2
√
g
Gijklπkl, (A.23)
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and the momentum conjugate to Ni and N are iden-
tically zero, i.e, πi ≡ δS/δNi = 0, π0 ≡ δS/δN = 0.
In this case, the Lagrangian of the kinetic term can be
re-written as
LK = 2
κ2
KijG
ijklKkl =
1√
g
Kijπ
ij =
κ2
2g
πijGijklπkl
=
κ2
2g
(
πijπij − λ
dλ− 1(π
i
i)
2
)
. (A.24)
With this and (A.20), the Hamiltonian density of the
theory becomes
H ≡ πij g˙ij−
√
−gˆL=(πij g˙ij−√gNLK)+√gNV [g]
= NπijKij+2π
ij∇(iNj)+
√
gNV [g], (A.25)
where we have used the definition of extrinsic curvature
in Eq.(II.9). Therefore, the Hamiltonian becomes
H ≡
∫
ddxH
=
∫
ddx
(
NπijKij−2N i∇jπij
)
+
∫
ddx
√
gNV [g]
=
∫
ddx
(
κ2
2
√
g
NπijGijklπkl−2Ni∇jπij
)
+
∫
ddx
√
gNV [g], (A.26)
where in the second equality, we have imposed partial
integration and dropped all the total derivative with re-
spect to spatial coordinates, while in the third equal-
ity, we have used Eq.(A.23) to express the extrinsic cur-
vature as the conjugate momentum. SV is defined in
Eq.(III.111). In the end, we obtain the Hamiltonian of
the system
H =
∫
ddx
[
κ2
2
√
g
N
(
πijπij − λ
dλ− 1(π
i
i)
2
)
− 2Ni∇jπij
]
+
∫
ddx
√
gNV [g]. (A.27)
From above equation, one reads the Hamiltonian densi-
ties associated with lapse function N and shift variable
Ni respectively,
H⊥ = κ
2
2
√
g
(
πijπij − λ
dλ− 1(π
i
i)
2
)
+
√
gV [g],
Hi = −2∇jπ ji . (A.28)
The Hamiltonian density of the Einstein gravity at the
long distance is
H = 2κG√
g
πijGijklπkl −
√
g
2κG
(R− 2Λ)
=
1√
g
(
πijπij − 1
2
(πii)
2
)
−√g(R − 2Λ),
where Gijkl = (gikgjl + gilgjk − gijgkl)/2, and in the last
identity, we have imposed the normalization condition
that 2κG ≡ 16πGN = 1. From the above equation, and
by comparing with the kinetic term with that defined in
Eq.(A.27), we can obtain
N = c, ⇒ κ2 = 4κG
c
=
32πGN
c
,
λ˜ = 1/2 ⇒ λ = 1
d− 2 . (A.29)
The dimensionless coupling constant λ is a classically
marginal coupling that runs in the quantum field the-
ory. In the (3 + 1)-dimensional case, we have λ = 1 in
general relativity as expected. ThenH = 0 just gives the
Wheeler-De Witt equation with cosmological constant,
1√
g
πijGijklπkl −√g(R− 2Λ) = 0. (A.30)
In (d+ 1) dimensions, H = 0 gives
κ2
2
√
g
N
(
πijπij − λ
dλ − 1(π
i
i)
2
)
−2Ni∇jπij +√gNV [g] = 0, (A.31)
which implies a generalized (d+1)-dimensional Wheeler-
De witt equation in HL gravity
κ2
2
√
g
N
(
πijπij − λ
dλ− 1(π
i
i)
2
)
+
√
gNV [g] = 0,(A.32)
and the Dirac’s secondary constraint, i.e., momentum
constraint,
∇jπij = 0, (A.33)
in canonical quantum gravity approach in a generic
gauge with Ni 6= 0. According to Eq.(A.22), more ex-
plicitly, the conjugate momentum can be expressed as
πij =
2
κ2
√
g(Kij − λKgij). (A.34)
For the detail discussion on the physics of HLd+1 Grav-
ity in specific dimensions within d ≤ 5, we summarize the
results in Appendix B.
Appendix B: Horˇava-Lifshitz Gravity in Specific
Dimensions
In this section, we briefly summarize the relevant
physics of Horˇava-Lifshitz Gravity in specific dimensions,
namely, HL3 at z = 2, HL4 at z = 3, 4, HL5 at z = 4
and HL6 at z = 5 UV fixed point.
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1. (2 + 1)-dimensional HL gravity
In (2 + 1) dimensional HL gravity, the coupling κ will
be dimensionless at fixed point with z = 2. Therefore,
in the UV limit at short distance, the theory will exhibit
as a power-counting renormalizable UV theory at z =
2 Lifshitz fixed point or a super-renormalizable theory
at z > 2, i.e., z = 3 Lifshitz fixed point. The spatial
potential action is the d = 2 case of Eq.(III.107),
W1 =
1
κ2W
∫
d2x
√
g(R − 2ΛW ), (B.1)
According to Eq.(III.111) and Eq.(III.112), the poten-
tial density and the Ricci flow equation for the theory
becomes
V [g]= κ
2
8κ4W
(
RijRij − 1
2
R2 +
2Λ2W
1− 2λ
)
, (B.2)
g˙ij=2∇(iNj)−N
κ2
2κ2W
(
Rij− 1
2
Rgij− 1
2λ−1ΛW gij
)
,
where λ˜ ≡ λ/(2λ− 1), the pure spatial index runs i, j =
1, 2 and the scaling dimension of the parameters for the
theory become
[κ] =
z − 2
2
, [λ] = 0, [κW ] = 0, [E
ij ] = 2. (B.3)
Since [κ] = [κW ] = 0 at z = 2, thus, both the kinetic
and potential couplings are dimensionless and they are
renormalizable.
The full action of z = 2 HL3 gravity is the special case
of Eq.(III.114) with d = 2,
S=
∫
dt(L0 + L1), (B.4)
L0≡
∫
d2x
√
gN
(
κ2
2
(KijK
ij − λK2)− κ
2
8κ4W
2Λ2W
1− 2λ
)
,
L1≡
∫
d2x
√
gN
κ2
8κ4W
(( 1
2 − λ
)
1− 2λ R
2 −RijRij
)
,
from Eq.(B.4), It is obvious that
[dtd2x] = −z − 2, [R2] = 4, [ κ
2
κ4W
] = z − 2, (B.5)
which is consistent with Eq.(III.115). At z = 2, both ki-
netic and potential term will be renormalizable; thus,
z = 2 HL3 gravity is power-counting renormalizable.
While at z > 2, although the kinetic density terms are
still renormalizable or superrenormalizable, but the po-
tential will not; thus, new potential action are called for
to cure the UV divergence due to the original potential
action.
In the UV limit at short distance, the theory will ex-
hibit as renormalizable theory at Lifshitz fixed point with
dynamic critical exponent z = 2, since the dimension of
the gravity couplings are dimensionless.
In the IR limit at large distance, the terms pro-
portional to Ricci scalar R and cosmological constant
ΛW will dominate and the theory flows to the 3-
dimensional(without Lorentz theory) GR with dynam-
ical critical exponent z = 1. The dynamics of the metric
at the fixed point is controlled by the Ricci flow equation
in Eq.(III.112) with λ = 1,
g˙ij = − κ
2
2κ2W
(
Rij − 1
2
Rgij − ΛW gij
)
. (B.6)
The corresponding effective speed of light, Newtonian
constant and cosmological constant are
c ≡ 0, GN = κ
2
32πc
κ 6=0
= ∞, Λ= d
2(d− 2)ΛW
ΛW 6=0
= ∞. (B.7)
Therefore, at (2 + 1)-dimensions, the effective speed of
light of the HL gravity at large distance is absolutely
zero. Meanwhile the cosmological constant term will
be divergent if ΛW 6= 0, which implies that the whole
space-time is dominated by the cosmological constant
term. The vanishing effective speed of light in (2 + 1)-
dimensional HL gravity at z = 1 doesn’t violates one of
the basic assumption of special relativity: the speed of
light is constant. However, it implies that the light can
not escape from the gravity at any space-time point at all
if ΛW 6= 0, due to the dominant control of cosmological
constant Λ.
The cosmological constant Λ can be a finite constant
if and only if ΛW = 0 in d = 2 case, this is possible
in black hole solution of the AdS gravity, e.g, if ΛW =
−(d− 1)(d− 2)/ℓ2, then Λ = −d(d− 1)/(2ℓ2) = −ℓ−2.
2. (3 + 1)-dimensional HL gravity
In (3 + 1) dimensions, the spatial potential action is
the d = 3 case of Eq.(III.107)
W1 =
1
κ2W
∫
d3x
√
g(R− 2ΛW ), (B.8)
According to Eq.(III.111) and Eq.(III.112), the potential
density of the action and the Ricci flow equation for the
HL3 gravity become
V1[g]= κ
2
8κ4W
(
RijRij− 1/4− λ
1− 3λ R
2−ΛWR− 3Λ
2
W
1− 3λ
)
, (B.9)
g˙ij=2∇(iNj)−N
κ2
2κ2W
(
Rij− 2λ−1
2(3λ−1)Rgij−
ΛW gij
3λ−1
)
,
where λ˜ ≡ λ/(3λ − 1), with pure spatial index i, j =
1, 2, 3 and the scaling dimension of the parameters for
the theory become
[κ] =
z − 3
2
, [λ] = 0, [κW ] = −1
2
, [Eij ] = 3. (B.10)
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it is worthy of notice that the dimension of coupling
κW < 0, i.e., becomes negative, which implies that the
potential in Eq.(B.9) is merely a low-energy effective field
theory. It will be broken down at an energy scale set by
the dimensionful couplings κW . Therefore, the potential
density in Eq.(B.9), which originates from Eq.(III.107)
is not a complete potential action for the UV theory,
unless including a new potential term, i.e., the d = 3
Chern-Simons gravity action present in Eq.(B.11).
a. z = 3 HL4 gravity
In the Section, we will mainly focus on the z = 3 HL
gravity in (3 + 1) dimensions.
In (3+1) dimensions of HL gravity, the coupling κ will
be dimensionless at fixed point with z = 3. Therefore,
in the UV limit at short distance, the theory will exhibit
as a power-counting renormalizable UV theory at z = 3
Lifshitz fixed point or a super-renormalizable theory at
z > 3, i.e., z = 4 Lifshitz fixed point.
For d = 3 case, except for the potential action W1 in
Eq.(B.8), it will include a new term
W2 =
1
ω2
∫
d3x
√
gεijkΓmil
(
∂jΓ
l
km +
2
3
ΓljnΓ
n
km
)
,(B.11)
with [ω] = 0, where we have taken εijk =
√
gǫijk and
εijk = ǫijk/
√
g with ǫ123 = 1 for index under symmetric
cycle. Assuming that the coupling ω2 is positive, whose
sign can be changed by flipping the orientation of the 3-
manifold. The new potential term W2[g] is the gravita-
tional Chern-Simons term [37] with Christoffel symbols
Γijk[g] treated as function of the metric gij , but not as in-
dependent variables. It is essentially a 3-dimensional Eu-
clidean action of topologically massive gravity [33, 34, 36]
with a real Chern-Simons couplings ω2, which is a di-
mensionless constant. The action turns out to be a
renormalizable relativistic quantum gravity in (2 + 1)-
dimensions [35]. From the three-dimensional action in
Eq.(B.11), one can construct a four-dimensional renor-
malizable gravity theory by imposing the detailed bal-
ance condition in Eq.(A.12),
Eij2 =
2
ω2
Cij , Cij =
εikl√
g
∇k(Rjl −
1
4
Rδjl ), (B.12)
with [Cij ] = 3, where Cij is the Cotton tensor, which is
symmetric traceless and transverse(satisfies ∇iCij = 0).
ǫijk is the bulk Levi-Civita contra-variant tensor defined
through Levi-Civita tensor density εijk.
The variation of the W2 with respect to the metric gij
as defined in Eq.(A.12) will leads to a term for action in
Eq.(A.10),
SV2 =
∫
dtd3x
√
gNV2[g], V2[g] = κ
2
2ω4
CijC
ij , (B.13)
where we have used CijGijklCkl = CijCij . In summary,
the totalW potential action for z = 3 HL gravity should
be summation of both Eq.(B.8) and Eq.(B.11), W [g] =
W1 +W2, from which one obtains E
ij according to the
detailed balance condition in Eq.(A.12),
Eij =
2
ω2
Cij − 1
κ2W
(
Rij − 1
2
Rgij + ΛW g
ij
)
. (B.14)
According to the field equation of motion defined in
Eq.(B.14), the Ricci flow equation in Eq.(A.20) and the
potential density in Eq.(B.9) becomes
V [g]=V1[g] + V2[g]− κ
2
2κ2Wω
2
CijRij , (B.15)
g˙ij=2∇(iNj)−N
κ2
2κ2W
(
Rij− 2λ−1
2(3λ−1)Rgij−
ΛW
3λ−1gij
)
+N
κ2
ω2
Cij ,
where we have used that CijGijklRkl = CijRij . The first
term and second term are due toW1 andW2 respectively,
while the last term is the mixing term due to W1 +W2,
the last two terms together will improve the UV behavior
of the HL gravity at short distance, comparing with V1[g]
only.
By using Eq.(B.14), the full action of HL4 gravity at
the z = 3 UV fixed point are
S=
∫
dt(L0 + L1 + L2), (B.16)
L0≡
∫
d3x
√
gN
[
LK + κ
2
8κ4W
(
ΛW
1− 3λR−
3Λ2W
1− 3λ
)]
,
L1≡
∫
d3x
√
gN
κ2
8κ4W
((
1/4− λ)
1− 3λ R
2 −RijRij
)
,
L2≡
∫
d3x
√
gN
(
κ2
2κ2Wω
2
CijRij − κ
2
2ω4
CijC
ij
)
,
where LK ≡ 2(KijKij − λK2)/κ2. Comparing with the
z = 3 HLd+1 gravity in Eq.(III.114)with d = 3, there is
an additional Lagrangian
L2 =
∫
ddx
√
gN
[
κ2
2κ2Wω
2
ǫijkRil∇jRlk
− κ
2
2ω4
(
2∇iRjk∇[iRj]k− 1
8
∇iR∇iR
)]
.(B.17)
We have used the identity that
CijRij = ǫ
ikl(∇kRjl )Rij = ǫijkRil∇jRlk.
CijCij = 2∇iRjk∇[iRj]k− 1
8
∇iR∇iR,
where we have used Eq.(B.12) where Cij = ǫikl∇kRjl −
εikj∂kR/4 and the antisymmetric property of ǫ
[ij]k. To
simplify the product CijCij , we have used the identity
that ǫimnǫ
ijk = δjmδ
k
n − δkmδjn.
In the IR limit at large distance, the theory is domi-
nated by the last term, which proportional to the spatial
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curvature Ricci scalar R and the constant term. The
theory with dynamical critical exponent z = 3 should
flow to the GR with critical exponent z = 1, so that
κ2W → ∞, ω → ∞ while keep the ratio γ ≡ κ2/κ2W
fixed.
Note that from Eq.(B.16), It is obvious that
[dtd3x] = −z − 3, [R2] = 4, [ κ
2
κ4W
] = z − 1,(B.18)
which is consistent with Eq.(III.115). With the dimen-
sion of κ2/κ4W increasing, the UV behavior of the the-
ory becomes more serious. For z ≥ 3, the kinetic term
will be renormalizable or super-renormalizable, while the
original potential density term in Eq.(B.9) will not be
UV renormalizalbe; thus, new potential density term in
Eq.(B.13) is called for to cure the UV divergence at short
distance.
In the IR limit with large distance, the dynamics of the
metric at the fixed point is controlled by the Ricci flow
equation at λ = 1 with gauge N = 1, Ni = 0 becomes
g˙ij =
κ2
ω2
ǫikl∇k
(
Rlj −
1
4
Rδlj
)
− κ
2
2κ2W
(
Rij − 1
4
Rgij − 1
2
ΛW gij
)
. (B.19)
b. z = 4 HL4 gravity
In (3 + 1) dimensions, if the theory is located at
z = 4 fixed point, the coupling κ will have a scaling
dimension [κ] = 1/2, which implies that the UV the-
ory defined in Eq.(A.15) will be super-renormalizable by
power-counting, because the kinetic term will be sup-
pressed by scaling dimension [κ2] = 1, which improve
the short distance properties of the propagator. In three
dimensions, the action of Euclidean gravity has two in-
dependent20 quadratic curvature terms is
W3 =
1
M
∫
d3x
√
g
(
RijR
ij + βR2
)
, (B.20)
with [β] = 0 and [M ] = 1. The two independent terms
inW3 are due to that when d = 3, the Riemann tensor is
completely determined in terms of the Ricci tensor since
the Weyl tensor vanishes identically at d = 3. The scal-
ing dimensions of the two parameters β and M imply
that the new term in potential action from 3-dimension
is super-renormalizable by power-counting, since the two
20 In d = 3 dimensions, RijklRijkl is not independent of R
ijRij
and R2, since the Weyl tensor vanishes identically at d =
3(Cijkl = 0); thus, according to Eq.(III.82), R
ijklRijkl =
4RijRij −R2.
couplings [M ] = [M/β] = 1 are dimensionful 1. Accord-
ing to the detailed balance condition in Eq.(A.12),
Eij = − 1
M
Lij , (B.21)
where Lij is given in Eq.(III.90) with scaling dimension
[Lij ] = 1+[Eij] = 4 in d = 3, and its trace in Eq.(III.91)
turns out to be
L ≡ gijLij = (3
2
+ 4β)∇2R+ 1
2
(βR2 +RijR
ij),(B.22)
which can be simplified by setting β = −3/8(note we
have set α = M−1), so that we have L = (βR2 +
RijR
ij)/2.
With W1,2,3 respectively defined in Eq.(B.8),
Eq.(B.11) and Eq.(B.20), the total potential action
becomes W [gij ] = W1 + W2 + W3, from which one
obtains Eij according to the detailed balance condition
in Eq.(A.12),
Eij=
2
ω2
Cij− 1
M
Lij− 1
κ2W
(
Rij− 1
2
Rgij+ΛW g
ij
)
.(B.23)
Consequently, the potential density in Eq.(B.9) should
be extended through Eq.(A.10)
V [g]= κ
2
8κ4W
(
RijRij − 1/4− λ
1− 3λ R
2 − ΛWR− 3Λ
2
W
1− 3λ
)
+
κ2
2ω4
CijC
ij − κ
2
2κ2Wω
2
ǫijkRil∇jRlk −
κ2
2Mω2
CijLij
+
κ2
4Mκ2W
(
LklR
kl − 1− 2λ
2(1− 3λ)LR+
1
1− 3λΛWL
)
+
κ2
8M2
(LijLij − λ˜L2). (B.24)
The scaling dimension [V [g]] = z + 3 ≤ 7, and for
different relevant operators with scaling dimensions
[R] = 2, [C] = 3, [L] = 4, [K] = 4, [R∇R] = 5,
[LR] = 6, [CL] = 7,
[R2] = 4, [C2] = 6, [L2] = 8, [K2] = 8. (B.25)
As a practical example following the general discussion
on the power-counting of the renormalizable field oper-
ators after Eq.(III.27). For z = 4 HL4 gravity, in the
UV limit, the operators with higher scaling dimensions
in the potential density from W3, i.e., K,L dominates at
short distance. While in the IR limit, the operators with
lower dimensions in the potential density from W1, i.e.,
Λ, R dominates at long distance.
Combining Eq.(A.15), Eq.(III.109), and Eq.(B.21) to-
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gether, the total action can be written as
S=
∫
dt
∫
d3x
√
gN
[
LK + κ
2(ΛWR− 3Λ2W )
8κ4W (1− 3λ)
− κ
2
2ω4
CijC
ij+
κ2
2κ2Wω
2
CijRij+
κ2
2Mω2
CijLij
− κ
2
8M2
(LijLij − λ˜L2)− κ
2
8κ4W
RijR
ij+
κ2(1− 4λ)
32κ4W (1− 3λ)
R2
− κ
2
4Mκ2W
(
LklR
kl− 1− 2λ
2(1− 3λ)LR+
ΛW
1− 3λL
)]
. (B.26)
where LK ≡ 2(KijKij −λK2)/κ2. When β = −3/8 and
ω → ∞, the action in Eq.(B.26) just describes the dy-
namics of a new massive gravity [36]. In the framework
of new massive gravity, the calculation of the action can
be simplified. The Ricci flow equation in Eq.(A.20) be-
comes,
g˙ij=2∇(iNj) +N
κ2
ω2
Cij − Nκ
2
2M
(Lij − λ˜Lgij)
−N κ
2
2κ2W
(
Rij − 2λ− 1
2(3λ− 1)Rgij −
1
3λ− 1ΛW gij
)
.
The corresponding effective speed of light, Newtonian
constant and cosmological constant are
c =
κ2
4κ4W
√
ΛW
1− 3λ, GN =
κ2c
32π
, Λ =
3
2
ΛW .(B.27)
Note that at λ = 1/3, the effective speed of light is di-
vergent, the dominant terms in Eq.(B.24) are propor-
tional to those involving only Ricci scalar R and cosmo-
logical constant ΛW , the theory exhibit an anisotropic
Weyl symmetry, which is a new conformal anisotropic
local scale invariance. The fact that the speed of light
is almost infinite when λc = 1/3, the divergence in the
UV opens an interesting possibility: that no inflation is
needed at early times in the evolution of the universe. λ
represents a dynamical dimensionless coupling constant,
susceptible to any quantum corrections. For λ > λc,
ΛW < 0; while for λ < λc, ΛW > 0 so that the effective
speed of light is non-negative. In addition it is wor-
thy of notice that, the effective cosmological constant Λ
owns the same sign as ΛW . While the effect of a positive
cosmological constant corresponds to a negative pressure
effect, and vice verse. This can be effectively understood
by assuming that the universe is an ideal fluid [38, 39],
i.e., Tµν ∼ Λgµν ∼ −pgµν . A positive cosmological con-
stant will result a positive vacuum energy density, con-
sequently it implies a negative pressure, which will drive
an accelerated expansion of the space-time.
In summary, one has
1. λ > 1/3: ΛW has to be negative, thus the cosmo-
logical constant Λ < 0, which implies a positive
pressure, that tend to decelerate the expansion of
the universe, just like the effect of ordinary matter;
2. λ < 1/3: ΛW has to be positive, thus the cosmo-
logical constant Λ > 0, which implies a negative
pressure, that tend to accelerate the expansion of
the universe.
3. (4 + 1)-dimensional HL gravity
In (4 + 1) dimensions, the spatial potential action is
the d = 4 case of Eq.(III.107)
W1 =
1
κ2W
∫
d4x
√
g(R − 2ΛW ). (B.28)
Naively, according to Eq.(III.111), the potential density
of the action and the Ricci flow equation for the HL
gravity become
V1[g]= κ
2
8κ4W
(
RijRij+
λ
1− 4λR
2− 2ΛWR− 4Λ
2
W
1− 4λ
)
, (B.29)
g˙ij=2∇(iNj)−N
κ2
2κ2W
(
Rij− 2λ−1
2(4λ−1)Rgij−
ΛW
4λ−1gij
)
,
where λ˜ ≡ λ/(4λ− 1), and the scaling dimension of the
parameters for the theory become
[κ] =
z − 4
2
, [λ] = 0, [κW ] = −1, [Eij ] = 4.(B.30)
it is worthy of notice that the dimension of coupling κW
is negative, which implies that the potential density in
Eq.(B.29) is merely a low-energy effective field theory,
which will be breakdown at an energy scale set by the
dimensionful couplings κW . Therefore, Eq.(B.28) is not
a complete potential action for the UV theory, unless
including a new density term from the potential action
shown in Eq.(B.31).
a. z = 4 HL5 gravity
In (4 + 1) dimensions, the coupling κ will be dimen-
sionless if z = 4; thus, the HL gravity will be a power-
counting renormalizable UV theory at z = 4 Lifshitz
points at short distance. As discussed above, the poten-
tial density in Eq.(B.29) is merely a low-energy effective
field theory, which will be breakdown at an energy scale
set by the dimensionful couplings κW . Consequently,
the action in Eq.(B.28) will include a new term, a 4-
dimensional action W4, which consists of two indepen-
dent quadratic curvature terms21 with two dimensionless
21 RijklRijkl is not independent of R
ijRij and R2 due to
the topological invariant term, namely, Gauss-Bonnet term in
4-dimensions [4]. Meanwhile RijRij is not independent of
CijklCijkl and R
2 due to the LGB , as will shown in the fol-
lowing.
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couplings α and β,
W4 =
∫
d4x
√
g(αCijklC
ijkl + βR2), (B.31)
where Cijkl is 4-dimensional Weyl tensor
Cijkl ≡ Rijkl −
(
gi[kRl]j − gj[kRl]i
)
+
1
3
gi[kgl]jR.
According to Eq.(III.82) and Eq.(III.83), one obtains
Weyl anomaly for d = 4 case as below,
CijklCijkl = RijklR
ijkl − 2RijRij + 1
3
R2 (B.32)
= LGB + 2RijRij − 2
3
R2. (B.33)
Consequently, there is no independent RijR
ij term in
the action in Eq.(B.31), since
RijRij =
1
2
(CijklCijkl − LGB) + 1
3
R2, (B.34)
is not independent of CijklCijkl and R
2, considering the
Gauss-Bonnet term LGB is a topological surface term in
d = 4.
Therefore, the action in Eq.(B.31) can be equivalently
re-written as [27]
W4 =
1
M
∫
d4x
√
g(RijR
ij + βR2), (B.35)
with [β] = 0 and [M ] = 0.
It is still renormalizable since the scaling dimension of
the two parametersM and β are dimensionless. Accord-
ing to the detailed balance condition in Eq.(A.12), one
obtain
Eij4 = −
1
M
Lij , [Lij ] = [Eij ] = 4, (B.36)
where again Gij = Rij − Rgij/2 and Lij is expressed
in Eq.(III.90) by choosing α ≡ M−1. With W1,4 re-
spectively defined in Eq.(B.28), and Eq.(B.35), the total
potential action are W [g] = W1 +W4, from which one
obtain Eij according to the detailed balance condition
in Eq.(A.12),
Eij = − 1
M
Lij − 1
κ2W
(
Rij − 1
2
Rgij + ΛW g
ij
)
.(B.37)
Consequently, the potential density in Eq.(B.29) should
be extended to be
V [g]=V1[g]+ κ
2
4Mκ2W
(
LklR
kl− 1−2λ
2(1−4λ)LR+
ΛW
1−4λL
)
,
+V4[g], V4[g] = κ
2
8M2
(LijLij−λ˜L2), (B.38)
where the high curvature terms due to V4[g] and its mix-
ing term with V1[g], will cure the UV divergence due to
the low curvature terms in the potential density V1 of
HL gravity at short distance.
Since the scaling dimension of [V4] = z + 4 ≤ 8, the
action can be modified by relevant operators with di-
mension less or equal than 8. This is consistent with the
discussion after Eq.(III.27).
Combining Eq.(A.15) and Eq.(B.50) together, the to-
tal action can be written as
S=
∫
dt
∫
d4x
√
gN
[
2
κ2
(KijK
ij−λK2)+ κ
2
4κ4W
ΛWR−2Λ2W
(1−4λ)
− κ
2
8κ4W
RijR
ij− κ
2
8κ4W
λ
(1− 4λ)R
2− κ
2
8M2
(LijLij−λ˜L2)
− κ
2
4Mκ2W
(
LklR
kl− 1−2λ
2(1−4λ)LR+
1
1−4λΛWL
)]
,(B.39)
which is the special case of Eq.(III.98) in d = 4, by
choosing the parameter in Eq.(III.93).
In this case, the trace in Eq.(III.91) becomes
L ≡ gijLij = 2(1 + 3β)∇2R. (B.40)
which can be simplified by setting β = −1/3, so that we
have L = 0.
From Eq.(B.39), It is obvious that
[dtd4x] = −z − 4, [R2] = 4, [ κ
2
κ4W
] = z. (B.41)
This is consistent with Eq.(III.115), i.e., at z = 4 fixed
point, [κ2/κ4W ] = 4, [R
2] = 4, and [dtd4x] = −8. Thus
when z ≥ 4, the kinetic term of the theory will be UV
renormalizable, while the original potential density term
in Eq.(B.29) will not, unless the new potential density
terms in Eq.(B.38) are called for to cure the UV diver-
gence of the potential term.
The Ricci flow equation in Eq.(A.20) becomes,
g˙ij=2∇(iNj)−
Nκ2
2κ2W
(
Rij− 2λ−1
2(4λ−1)Rgij−
ΛW
4λ−1gij
)
−Nκ
2
2M
(Lij − λ˜Lgij), (B.42)
where λ˜ = λ/(4λ− 1).
The dynamics of the metric at the fixed point is
controlled by the Ricci flow equation at λ = 1(λ˜ =
1/(d− 1) = 1/3) with gauge N = 1, Ni = 0 becomes
g˙ij = − κ
2
2κ2W
(
Rij − 1
6
Rgij − 1
3
ΛW gij
)
− κ
2
2M
(Lij − 1
3
Lgij). (B.43)
The corresponding effective speed of light, Newtonian
constant and cosmological constant are
c =
κ2
4κ4W
√
2ΛW
1− 4λ, GN =
κ2c
32π
, Λ = ΛW . (B.44)
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In summary, the physical consequence with λc = 1/4
in (4+1)-dimensional space-time, is similar to that with
λc = 1/3 in (3 + 1)-dimensional space-time, as sum-
marized at the end in Appendix B 2, except that here
λc = 1/4. It is also worthy of noticing that, ΛW owns
not only the same sign but also the same amplitude as
Λ for (4 + 1)-dimensional case.
4. (5 + 1)-dimensional HL gravity
In (5 + 1) dimensions, the spatial potential action is
the d = 5 case of Eq.(III.107)
W1 =
1
κ2W
∫
d5x
√
g(R− 2ΛW ). (B.45)
Naively, according to Eq.(B.45), the potential density of
the action and the Ricci flow equation for the HL gravity
becomes
V1[g]= κ
2
8κ4W
(
RijRij+
1/4+λ
1−5λ R
2− 3ΛWR−5Λ
2
W
1−5λ
)
,(B.46)
g˙ij=2∇(iNj)−N
κ2
2κ2W
(
Rij− 2λ−1
2(5λ−1)Rgij−
ΛW
5λ−1gij
)
,
where λ˜ ≡ λ/(5λ−1). The theory flows to the relativistic
GR with critical exponent z = 1. The scaling dimension
of the parameters for the theory become
[κ] =
z − 5
2
, [λ] = 0, [κW ] = −3
2
, [Eij ] = 5.(B.47)
Thus when z ≥ 5, the kinetic term of the theory will
be UV renormalizable, while the original potential term
will not. As a result, new potential terms are called for
to cure the UV divergence of the potential term.
In the UV limit at short distance, the theory will ex-
hibit a z = 5 Lifshitz fixed point. Since [κ] = 0, the
kinetic term of the theory is power-counting renormaliz-
able at z = 5, and is super-renormalizable at z > 5, e.g.,
z = 6 Lifshitz fixed point.
In the IR limit at large distance, the HL gravity in
(5 + 1) dimensions will be dominated by the lowest di-
mensional operators in the action, the last terms propor-
tional to Ricci scalar curvature R and constant term in
Eq.(B.46).
The corresponding effective speed of light, Newtonian
constant and cosmological constant are
c =
κ2
4κ4W
√
3ΛW
1− 5λ, GN =
κ2c
32π
, Λ =
5
6
ΛW .(B.48)
In summary, the physical consequence with λc = 1/5
in (5+1)-dimensional space-time, is similar to that with
λc = 1/3 in (3 + 1)-dimensional space-time, as sum-
marized at the end in Appendix B 2, except that here
λc = 1/5. It is also worthy of noticing that, in (5 + 1)
dimensions, ΛW owns not only the same sign but also
the same amplitude as Λ.
a. z = 5 HL6 gravity
In (5 + 1) dimensions, the coupling κ will be dimen-
sionless if z = 5; thus, the HL gravity will be a power-
counting renormalizable UV theory at z = 5 Lifshitz
points at short distance. As discussed before, the po-
tential density in Eq.(B.46) is merely a low-energy ef-
fective field theory, which will be breakdown at an en-
ergy scale set by the dimensionful couplings κW , the
potential action in Eq.(B.45) will include a new term,
a 5-dimensional W potential action consists of terms
quadratic in curvature with three independent dimen-
sionless couplings α, β, γ,
W5 =
∫
d5x
√
g(αRijRij + βR
2 + γLGB), (B.49)
where [α] = [β] = [γ] = 1, the Gauss-Bonnet term
LGB = (RijklRijkl − 4RijRij + R2) is not a topological
invariant term, but a dynamical one in d ≥ 5-dimensions.
With W1,5 respectively defined in Eq.(B.45), and
Eq.(B.49), the total potential action are W [g] = W1 +
W5, from which one obtain field equations of motion E
ij
according to the detailed balance condition in Eq.(A.12),
Eij = −γJ ij − 1
κ2W
(
Rij − 1
2
Rgij + ΛW g
ij
)
. (B.50)
Consequently, the potential density in Eq.(B.46) should
be extended to be
V [g] = V1[g] + κ
2γ
4κ2W
(
JklR
kl− 1−2λ
2(1−5λ)JR+
ΛW
1−5λJ
)
+V5[g], V5[g]=κ
2γ2
8
(J ijJij − λ˜J2). (B.51)
The high curvature terms in the potential density V5 will
cure the UV divergence due to the low curvature terms in
the potential density V1, i.e., improve the UV behavior
of the HL gravity at short distance in the UV limit. This
is the special case in Eq.(III.23) with d = 5 and p = 2.
While in the IR limit, the operators with lowest di-
mensions in the potential density, i.e., R or ΛW will still
dominate at long distance.
In this case, the scaling dimension of [V [g]] = z + 5 ≤
10, therefore, the action can be modified by relevant op-
erators with dimension less or equal than 10. For differ-
ent relevant operators with scaling dimensions
[R2] = 4, [J2] = 8, [JR] = 6, (B.52)
the Ricci flow equation in Eq.(A.20) becomes,
g˙ij=2∇(iNj)−
Nκ2
2κ2W
(
Rij− 2λ−1
2(5λ−1)Rgij−
ΛW
5λ−1gij
)
−Nκ
2γ
2
(Jij − λ˜Jgij), (B.53)
where λ˜ = λ/(5λ− 1). The theory flows to the rela-
tivistic GR with critical exponent z = 1. The dynamics
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of the metric at z = 1 fixed point is controlled by the
Ricci flow equation at λ = 1 by choosing a popular gauge
N = 1, Ni = 0,
g˙ij = − κ
2
2κ2W
(
Rij − 1
8
Rgij − 1
4
ΛW gij
)
−κ
2γ
2
(
Jij − 1
4
Jgij
)
. (B.54)
Combining Eq.(A.15) and Eq.(B.50) together, the to-
tal action of z = 5 HL6 gravity can be written as
S=
∫
dt
∫
d5x
√
gN
[
2
κ2
(KijK
ij−λK2)+ κ
2
8κ4W
3ΛWR−5Λ2W
(1−5λ)
− κ
2
8κ4W
RijR
ij − κ
2
8κ4W
1/4 + λ
1− 5λ R
2 − κ
2γ2
8
(J ijJij − λ˜J2)
− κ
2γ
4κ2W
(
JklR
kl − 1− 2λ
2(1− 5λ)JR+
1
1− 5λΛWJ
)]
.(B.55)
where J ij is given in Eq.(III.71) and its trace in d = 5 is
given by Eq.(III.72),
J ≡ gijJij = −1
2
LGB. (B.56)
The lowest order terms of the action in the IR limit at
large distance, is a special case of Eq.(III.114) with d =
5. Note in this case, it is obviously from Eq.(B.46) that
[dtd4x] = −z − 5, [R2] = 4, [ κ
2
κ4W
] = z + 1,(B.57)
which is consistent with Eq.(III.115), i.e., at z = 5 fixed
point, [κ2/κ4W ] = 6, [R
2] = 4, and [dtd4x] = −10.
Alternatively, in d = 5 case, according to Eq.(III.82)
and Eq.(III.83), one has
CijklCijkl = RijklR
ijkl− 4
3
RijR
ij+
1
6
R2 (B.58)
= LGB + 8
3
RijR
ij − 5
6
R2, (B.59)
where LGB is the Gauss-Bonnet term defined in
Eq.(III.65). Thus by choosing appropriate parameters,
i.e. a special case for Eq.(III.78) and Eq.(III.79),
β = − 5
16
α, α =
8
3
γ, (B.60)
the action in Eq.(B.49) can be re-expressed as Weyl
anomaly action
W5=
∫
d5x
√
gγCijklCijkl , (B.61)
where Cijkl are Weyl tensor defined as in Eq.(III.81),
which is nonvanishing in d ≥ 4. In 5-dimensions, the
nonvanishing Weyl tensor in Eq.(III.81) becomes
Cijkl≡Rijkl − 2
3
(
gi[kRl]j − gi[lRk]j
)
+
1
6
gi[kgj]lR. (B.62)
Appendix C: Differential Form of Lovelock Gravity
The action in Eq.(III.8) can also be expressed in the
tetrad formulation(where one has chosen a set of co-
ordinate independent basis ea ≡ eµa∂µ, whith a =
1, . . . , d, which span the tangent space at local point of
space-time, i.e., ds2 ≡ gµνdxµdxν = gabeaeb, so that
gab = gµνe
µ
ae
ν
b.), i.e., as a functional of the vielbein
22
ea = e aµ dx
µ(a local frame 1-form) and a spin connec-
tion ωab(which is defined the torsion free condition23,
T a = Dea = dea + ωab ∧ eb = 0), with an associated
gravity field strength Rab = Dωab = dωab + ωac ∧ ωcb(or
Cartan’s second structural equation in terms of exterior
differential), over a d ≤ 2n-dimensional differential man-
ifold M,
Wd=
∫
M
[d/2]∑
p=0
αpW(p), W(p) = (Rp)a1...a2p ⋆ ea1...a2p ,(C.1)
whereWd is a d-form and W(p) are the Euler density 2p-
forms. In dimension d > 2p, {W(i)} with i = 0, 1, . . . , p,
are dimensional continued Euler densities. Rp means p
exterior products of the curvature 2-form,
(Rp)a1...a2p = Ra1a2 ∧ . . . ∧Ra2p−1a2p (C.2)
≡ 1
2p
Ra1a2b1b2 . . . R
a2p−1a2p
b2p−1b2p
eb1 ∧ . . . ∧ eb2p ,
the curvature 2-form Rab ≡ 12Rabcdec∧ed, e(a) is the dual
basis of the non-coordinate basis ea with e
a = eaµdx
µ de-
fined by 〈ea, eˆb〉 = δab, and e µa are vielbeins(or vierbeins
for d = 4)(or Rab = Dω
a
b = dω
a
b + ω
a
c ∧ ωcb, where the
curvature 2-form Rab ≡ 12Rabcdec ∧ ed, and the Riem-
man tensor can be expressed as Rabcd = e
a((2∇[c∇d] −
fecd∇e)eb), where [ea, eb] = f cabec. ). The ⋆ is the Hodge
star defined through a (d − 2p) form dual to a given 2p
form,
⋆ ea1...a2p≡
√
g
(d− 2p)!εa1...a2pa2p+1...ade
a2p+1 ∧ . . . ∧ ead .(C.3)
where ε are the co-variant Levi-Civita tensor density. By
using Eq.(C.2), the Euler density 2p-forms in Eq.(C.1)
become
W(p)=
1
(d− 2p)!ǫa1...adR
a1a2 ∧ . . . ∧Ra2p−1a2p
∧ ea2p+1 ∧ . . . ∧ ead , (C.4)
where ǫa1...ad ≡
√
gεa1...ad is the co-variant Levi-Civita
tensor, defined through the Levi-Civita tensor density ε.
22 Note: Vielbein covers all dimensions while vierbein and tetrad
are kept for 4-dimensions.
23 Note: In the paper, we will assume the gravity theory is torsion
free, i.e., the torsion tensor is not explicitly contained in the
action. While the Bianchi identities of the torsion implies that
DRab = 0, but DTa = Ra
b
eb.
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Therefore, the differential form of the potential action
in Eq.(C.1) becomes
Wd =
∫
M
[d/2]∑
p=0
1
(d− 2p)!ǫa1...adR
a1a2 ∧ . . . ∧Ra2p−1a2p
∧ea2p+1 ∧ . . . ∧ ead . (C.5)
The above differential form of action in Eq.(C.5) can be
re-expressed in field theory as below,
Wd =
∫
M
[d/2]∑
p=0
1
(d− 2p)!ǫa1...ad
1
2p
Ra1a2b1b2 . . . R
a2p−1a2p
b2p−1b2p
eb1 ∧ . . . ∧ eb2p ∧ ea2p+1 ∧ . . . ∧ ead . (C.6)
one obtains
Wd =
∫
ddx
√
g
[d/2]∑
p=0
1
(d− 2p)!
1
2p
Ra1a2b1b2 . . . R
a2p−1a2p
b2p−1b2p
×εb1...b2pa2p+1...adεa1...ad
=
∫
ddx
√
g
[d/2]∑
p=0
1
2p
Ra1a2b1b2 . . . R
a2p−1a2p
b2p−1b2p
δb1...b2pa1...a2p ,(C.7)
where in the last equality, we have used that
εb1...b2pa2p+1...adεa1...ad = (d− 2p)!δb1...b2pa1...a2p .
Except this, in the above derivation, we have also used
the definition of Vierbein ea = e aµ so that
eb1 ∧ . . . ∧ eb2p ∧ ea2p+1 ∧ . . . ∧ ead
= e b1µ1 . . . e
b2p
µ2p e
a2p+1
µ2p+1 . . . e
ad
µd dx
µ1 ∧ dxµ2 ∧ . . . ∧ dxµd .
By definition, the wedge product in the integral becomes
dxµ1 ∧ dxµ2 ∧ . . . ∧ dxµd
= εµ1µ2...µddx1 ∧ dx2 ∧ . . . ∧ dxd = ǫµ1µ2...µdddx.
The Levi-Civita tensor are related to the ordinary Levi-
Civita tensor density as below:
ǫa1...ad ≡ 1√
g
εa1...ad , ǫa1...ad ≡
√
gεa1...ad ,(C.8)
where ǫa1...ad and ǫa1...ad are respectively the contra-
variant and co-variant Levi-Civita tensor, which are both
defined through the Levi-Civita tensor density ε.
To be concrete, let us consider the lower order terms
of the d-form Wd defined in Eq.(C.1). The leading order
term is a 0-form
W(0) = 1, (C.9)
which standards for the cosmological constant term,
while the next leading order term is a 2-form
W(1) = (Rp)a1a2 ⋆ ea1a2 , (C.10)
which is just the Hilbert action. The next leading order
term is a 4-form
W(2) = (R2)a1a2a3a4 ⋆ ea1a2a3a4 , (C.11)
which is just the Gauss-Bonnet term.
Doing variation of the action in Eq.(III.7) with respect
to ea and ωab respectively gives the field equations,
[(d−1)/2]∑
p=0
αp(d− 2p)ǫaa1...ad−1Ra1a2 ∧ . . . ∧Ra2p−1a2p
∧ea2p+1 ∧ . . . ∧ ead−1 = 0,
[(d−1)/2]∑
p=0
αpp(d− 2p)ǫaba3...adRa3a4 ∧ . . . ∧Ra2p−1a2p
∧T a2p+1 ∧ ea2p+2 ∧ . . . ∧ ead = 0. (C.12)
where T a ≡ dea + ωab ∧ eb is the torsion 2-form.
In odd d = 2n − 1 dimensions, [d/2] = n − 1, the
potential density in Eq.(III.7) becomes
W2n−1 =
n−1∑
p=0
αpǫa1...adR
a1a2 ∧ . . . ∧Ra2p−1a2p
∧ea2p+1 ∧ . . . ∧ ea2n−1 . (C.13)
This is called the Euler-Chern-Simons (2n− 1)-form, in
the sense that its exterior derivative dW2n−1 is
E2n =
n∑
p=0
αpǫA1...A2nR˜
A1A2 ∧ . . . ∧ R˜A2n−1A2n . (C.14)
It is nothing but the Euler characteristic class in (d+1)
dimensions, which is an exact 2n-form, i.e., E2n =
dW2n−1 is a total derivative in 2n dimensions thus
doesn’t contributes to the EOM(or cannot be used as
Lagrangian), but W2n−1 is a Lagrangian in d = 2n− 1
dimensions. The 2-form R˜AB = dω˜AB + ω˜AC ∧ ω˜CB is
constructed with the SO(d, 1) connection ω˜AB, which
can also be decomposed into the SO(d) connection ωab
under fully spatial rotational symmetry and vielbein ea
under translational symmetry,
ω˜AB =
(
ωab ℓ−1ea
−ℓ−1eb 0
)
. (C.15)
In the construction and decomposition, the SO(d, 1) cur-
vature 2-form are
R˜AB =
(
Rab + ℓ−2ea ∧ eb ℓ−1T a
−ℓ−1T b 0
)
. (C.16)
The EOM of the action in Eq.(C.13) with respect to the
vielbein is
ǫa1a2...a2n−1R˜
a1a2 ∧ . . . R˜a2n−3a2n−2 = 0. (C.17)
In even d = 2n dimensions, [d/2] = n, then the last
term in the summation, i.e.,(p = d/2 = n) is the Euler
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characteristic and does not contributes to the equations
of motion, since it is a topological term in dimensions
less than or equal to d. Thus the Lagrangian density in
Eq.(III.7) becomes24
W2n =
n−1∑
p=0
αpǫa1...adR˜
a1a2 ∧ . . . ∧ R˜a2n−1a2n , (C.18)
which is called the Born-Infeld 2n-form,
W2n =
n−1∑
p=0
αp
√
det R˜ab =
n−1∑
p=0
αpPf R˜
ab, (C.19)
where Pf denotes the Pfaffian(the square root of the de-
terminant, i.e., det a = Pf(a)2) in the exterior product,
and we have denoted
R˜ab = Rab + ℓ−2ea ∧ eb. (C.20)
The EOM of the action in Eq.(C.19) with respect to the
vielbein is
ǫa1a2...a2nR˜
a1a2 ∧ . . . ∧ R˜a2n−3a2n−2 ∧ ea2n−1 = 0.(C.21)
Appendix D: Causal Structure and Space-Time
Singularity
In the static topological invariant metric defined in
Eq.(III.1), the nonvanishing components of the Christof-
fel symbols of the metric tensor are
Γrrr = −
g′(r)
2g(r)
, Γmnr = Γ
m
rn =
1
r
δmn , (D.1)
Γrmn = Γ
r
nm = rg(r)δnm =
g(r)
r
gmn, (D.2)
and the only nonvanishing components of the spatial cur-
vature tensor are
Rm1m2n1n2 =
g(r)
r2
δm1m2n1n2 , R
rm
rn =
g′(r)
2r
δmn , (D.3)
where
g(r) ≡ k − f(r) = −grr(r). (D.4)
While all residues are vanishing, e.g., Rrrn1n2 = R
rr
n1r =
Rrrrr = 0, R
mm
n1n2 = R
mm
rn2 = R
mm
rr = 0, R
mm
mm = 0,
etc. Then one obtains
Rmn =
(
(d− 2)g(r)
r2
+
g′(r)
2r
)
δmn , R
r
r=(d− 1)
g′(r)
2r
. (D.5)
24 The summation index can be extended to p = n, but he Euler
density E2n doesn’t contributes to the EOMs, since the integral
becomes a topological invariant, the Euler characteristic.
Thus some curvature invariants, e.g., the quadratic cur-
vature invariants in pure space, are25
R =
(d− 1)(d− 2)
r2
g(r) +
d− 1
r
g′(r)
RijRij =
(d− 1)(d− 2)2
r4
g(r)2, (D.6)
+
(d− 1)(d− 2)
r3
g′(r)g(r) +
d(d− 1)
4r2
g′(r)2,
RijklRijkl =
2(d− 1)(d− 2)
r4
g(r)2 +
d− 1
r2
g′(r)2,
where in the last equality, we have used that
δm1m2n1n2 δ
n1n2
m1m2 = 2!δ
m1m2
m1m2 = 2
(d− 1)!
(d− 3)! .
If one is interested in the causal structure or the sin-
gularity of the space-time but not the pure spatial space,
then one needs to consider the time components. Except
for those shown in Eq.(D.2), the nonvanishing Christoffel
symbols of the metric in Eq.(III.1) are
Γttr = Γ
t
rt =
g′(r)
2g(r)
+
N˜ ′(r)
N˜(r)
,
Γrtt = g(r)
2N˜(r)2
(
g′(r)
2g(r)
+
N˜ ′(r)
N˜(r)
)
, (D.7)
and except for those shown in Eq.(D.3), the nonvanishing
components of the space-time curvature tensor are,
Rmtnt =
(
g′(r)
2r
+
g(r)
r
N˜ ′(r)
N˜(r)
)
δmn =
g′(r)
2r
δmn , (D.8)
Rrtrt =
g′′(r)
2
+ g′(r)
3N˜ ′(r)
2N˜(r)
+ g(r)
N˜ ′′(r)
N˜(r)
=
g′′(r)
2
,
where in the last equalities of the two equation, we have
made assumption that N˜(r) = 1. From both Eq.(D.3)
and Eq.(D.8), one obtains(Rnr = R
r
n = R
n
t = R
t
n =
Rtr = R
r
t = 0)
Rmn =
(
(d− 2)g(r)
r2
+
g′(r)
r
)
δmn , (D.9)
Rrr = (d− 1)
g′(r)
2r
+
g′′(r)
2
, Rtt=(d− 1)
g′(r)
2r
+
g′′(r)
2
.
In this case, for example, the quadratic curvature invari-
ants in Eq.(D.6) are generalized to be those in the whole
25 Note: In order to consider the causal structure or singularity
of the space-time, we need to use those in space-time in Ap-
pendix.D.
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space-time,
R=
(d−1)(d−2)
r2
g(r)+
2(d−1)
r
g′(r) + g′′(r),
RµνRµν=
(d−1)(d−2)2
r4
g(r)2+
2(d−1)(d−2)
r3
g′(r)g(r)
+
d2−1
2r2
g′(r)2+
d−1
r
g′′(r)g′(r)+
1
2
g′′(r)2,
RµνρσRµνρσ=
2(d−1)(d−2)
r4
g(r)2+
2(d−1)
r2
g′(r)2+g′′(r)2,
where R = Rmnδ
n
m + R
r
r + R
t
t, R
µνRµν = R
m
nR
n
m +
RrrR
r
r + R
t
tR
t
t and R
µνρσRµνρσ = R
m1m2
n1n2R
n1n2
m1m2 +
22RrmrnR
rn
rm + 2
2RtmtnR
tn
tm + 2
2RrtrtR
rt
rt.
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